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Abstract. We consider an inverse problem associated with some 2- 
dimensional non-compact surfaces with conical singularities, cusps and 
regular ends. Our motivating example is a Riemann surface A4 = r\H^ 
associated with a Fuchsian group of the 1st kind F containing parabolic 
elements. A4 is then non-compact, and has a finite number of cusps and 
elliptic singular points, which is regarded as a hyperbolic orbifold. We 
introduce a class of Riemannian surfaces with conical singularities on 
its finite part, having cusps and regular ends at infinity, whose metric 
is asymptotically hyperbolic. By observing solutions of the Helmholtz 
equation at the cusp, we define a generalized S-matrix. We then show 
that this generalized S-matrix determines the Riemannian metric and 
the structure of conical singularities. 

1. Introduction 

1.1. Assumptions on the manifold. Throughout this paper denotes 
the circle of radius r, which is identified with R/(27rrZ): 

5^ = {(xi,X2) ; xi + Z3;2 = re^*^/'') = (r cos(6'), rsin(6')), 
< X < 27rr, 0<9< 2it}, 

with an obvious identification oi 9 = and 9 = 27r. Thus, to write a 
function on S*^ we would write it as /(x), x G , or f{9), 9 E [0,27r] or 
G R, assuming 27r— periodicity. 

We consider a 2-dimensional orientable connected C°°-surface without 
boundary Ai, which is written as a union of open sets: 

(1.1) M = ICuMiU-'-UMn 
satisfying the following assumptions. 

(A-1) /C is compact, and there exists a finite set Aising C JC such that 
M \ Msing is equipped with a C°° -Riemannian metric g. 

(A-2) For any p G M.sing, there exist a constant ep > and local coordinates 
(r, 9) € (0, Ep) X [0, 2it\ around p such that r = corresponds to p and the 
Riemannian metric g takes the form 

(1.2) {dsf = {drf + Cy{l + /ip(r, 9)){d9f , 
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where 

(A-2-1) Cp is a positive constant such that Cp ^ 1, 
(A-2-2) hp{r,e) G C-((0,ep) x [0,27r]), 

(A-2-3) As r ^ 0, hp(r,9) — t- uniformly with respect to 6 £ [0, 27r]. 

(A-3) There exists > 1 such that for 1 < i < /J^, Mi is isometric to 
S'^' X (l,oo), Vi > 0, equipped with the metric 

y2 

(A-4) For n + 1 < i < N, Mi is diffeomorphic to S'^' x (0, 1), rj > 0, and 
the metric on Mi has the following form : 

ds^ = {{dyf + {dxf + A{x, y, dx, dy)) , 

A{x,y,dx,dy) = ai{x,y){dxf + a2{x,y)dxdy + a3{x,y){dy)^ , 
where ai{x,y) {i = 1,2,3) satisfies the following condition 

|5^(y5^)"ai(x,y)| <Ca„(l + |logy|r"-i-^°, V«,n, 
for some eo > 0. 

We say that under the above assumption (A-2), the metric g has a conical 
singularity at p £ Msing- The part Mi, 1 < i < /v,, will be called a cusp. 
(This is a little abuse of the standard terminology). Since /j, > 1, M has at 
least one cusp. If ^ = N, all the ends have a cusp. We call Mi, ^ + 1 < 
i < N, regular part. The metric on regular parts are allowed to be different 
from each other. 

In [24], spectral theory for asymptotically hyperbolic manifolds without 
conical singularities is discussed, and the arguments there can be extended to 
the above situation. Let be the Laplace-Beltami operator for the metric 
g, and H the Friedrichs extension of —Ag — l/A associated with the quadratic 
form Ag[u,v] = {Vu,Vv) - l{u,v) with u,v e T>{Ag) = H'^{M). It has 
continuous spectrum odH) = [0,oo), and the discrete spectrum cr^[H) C 
(—00,0). If at least one of the ends is regular, there is no eigenvalues in 
(0, go). If all the ends are cusps, H may have embedded eigenvalues in 
(0, go), which are discrete with possible accumulation points and oo. 

1.2. Inverse scattering from regular ends. An important notion to 

describe the spectral properties of H is the S-matrix. Usually, it is in- 
troduced by observing the asymptotic behavior, as time tends to ±00, of 
solutions to the time-dependent Schrodinger equation or the wave equa- 
tion on M, i.e. S = W^W-, where W± = s — limt^±ooe**^e~'*^°, or 

W± = s — limt_>.-|-ooe**^^e~**^'^, where Hq is the unperturbed operator, to 
which H is asymptotic at infinity. An equivalent way is to observe asymp- 
totic expansions at infinity of physical solutions to the Helmholtz equation on 
M. In the case of our manifold M, by the physical solution u, we roughly 
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mean that u behaves hke 0{y^^^) on each end. The (physical) S-matrix 
S{k), k being the square root of the energy of the system, is an operator 
valued N x N matrix, S{k) = (Sij{k)), where Sij{k) corresponds to the 
wave coming in from the end Aij and going out of the end Mi (see e.g. 
[8, 9, 12, 18, 19, 20, 27, 28, 44, 46, 47, 53] for variuos related results on the 
spectral and scattering theory for hyperbolic and asymptocally hyperbolic 
spaces.) Having 5"— matrix, one can then talk about the inverse problem. 
Let us consider the case without singular points. Suppose wc arc given two 
such manifolds M.^^\ M.^'^\ and assume Mi '' is a regular end for i = 1,2. 
We also assume that for M^^"^ and M^^\ the (1, 1) component of the associ- 
ated S-matrix coincide, i.e. Syy{k) = (k) for all A; > 0. If, furthermore, 
two ends M^^ and A^^^^ are isometric for large y, these two manifolds A^^^^ 
and A^(^) are shown to be globally isometric (sec [24]). Let us note that, 
when all the ends are regular, Sa Barreto [49], see also [15], proved that, 
in the framework of scattering metric due to Melrose, two such manifolds 
are isometric, if the whole scattering matrix for all energies coincide, with- 
out assuming that one end is known to be isometric. The related inverse 
boundary value problems for compact Riemannian manifolds can presently 
be solved with fixed frequency data in the zero energy case [41, 22], when 
the metric is real analytic [42, 40], or when the tensor is known to be of 
appropriate type up to a conformal factor [11, 16, 17]. On review on the 
positive results and counterexamples for these problems, see [13]. For the 
resonance problem, another view point for inverse scattering, see e.g. [19] 
and [8], [10]. 

1.3. Main result. The problem we address here is the case in which we 
observe the waves coming in and going out of a cusp. Recall that the end 
A^i has a cusp at infinity. Since the continuous spectrum due to the cusp 
is 1-dimensional, the associated S-matrix component -S'ii(A;) is a complex 
number, and it does not have enough information to determine the whole 
manifold. Therefore, we generalize the notion of the S-matrix. This gener- 
alized S-matrix was introduced in [23] in the inverse scattering from a fixed 
energy for Schrodinger operators on asymptotically hyperbolic manifolds. 
The Helmholtz equation has the following form in the cusp Mi 

-y\d^y+dl)u-jU = k\ 

where k > 0. Passing to the Fourier series, we see that all solutions of this 
equation have the asymptotic expansion 

u{x, y) ao y^"*^ + ^ (^n{^^ e^'^/'^e^^^y^'^ 

1 /9 

^-^ \2 n / 
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as ?/ — )• oo. We call the operator 

Sii(A:) : {an} {bn} 

the generalized S-matrix, actually its (1,1) component (see §4 for the precise 
definition). We shall show that this generalized S-matrix determines the 
whole manifold Ai. Namely, suppose we are given two manifolds Ai^^^M^"^^ 
satisfying the assumptions (A-1) ~ (A-4). Let M^g^ng ~ {^'i*'''''' 'Pfe-^l 
the set of singular points. 

Our main result is the following. 

Theorem 1.1. Suppose we are given two manifolds M^^^ andM^^^ satifying 
the assumptions (A-1) ~ (A-4). Let the (1,1) component of the generalized 
scattering matrix coincide : 

s^l^{k) = sf}{k), yk > 0, k^^ op{H^^^) u c7p(i?(2)), 

and r^^ = r^\ Then there is an isometry between M^^^ and M^'^^ in the 
following sense. 

(1) There is a homeomorphism <I> : A^^-^^ — )• Ai^'^h 

(2) HM%)=M^Snr 

is a Riemannian isometry. 

(4) If p & -^ilng' then Cp'^ = C^^^^ and there is /3 such that, in coordinates 

(A-2), we have h^p\r,e) = h'^^l^{r,f+P). 

Here, for any 9 eR,9e [0, 2tt) satisfies 6-6 e 27rZ. 

As will be seen from the arguments in §2 and §3, we can introduce the 
physical S-matrix for manifolds satisfying (A-1) ~ (A-4) of this paper, and 
generalize the results on the inverse scattering from regular ends in [24] 
to our case. Moreover we can also prove the same result for the inverse 
scattering with respect to the generalized S-matrix. Therefore, Theorem 1.1 
combined with [24], implies the following theorem. 

Theorem 1.2. Suppose we are given two manifolds Ai^^^ and A4^'^^ satisfy- 
ing the assumptions (A-1) ~ (A-4)- Suppose there exist vi and such that 
the (1/1,1/1) and {i'2,'^2) components of the generalized S-matrices coincide: 

sLl(fc) = Sgi,(A:), Vfe>0, fcV^p(i^^'^)Uap(//(2)). 

Assume, furthermore, that their ends Aii^^ and Ai^2 O'f^ isometric. Then 
we have the same conclusion as in Theorem 1.1. 

A good example of a surface with conical singularities is a 2-dimensional 
Riemannian orbifold, and classical examples are given by hyperbolic orb- 
ifolds with finite elliptic singular points. For example, consider AA. = r\H^, 
where F is a Fuchsian group. As will be explained in §2, if F is a geometri- 
cally finite Fuchsian group, r\H^ satisfies the assumptions (A-1) ~ (A-4). 
Therefore, the following theorem holds. 
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Theorem 1.3. Given two geometrically finite hyperbolic orbifolds ri\H^ 
and r2\H^, suppose there exist ui and such that the (vijiyi) and {1^2, ^'2) 
components of the generalized S-matrices coincide: 

Assume, furthermore, that their ends M.^ux and '^f^ isometric. Then 

we have the same conclusion as in Theorem 1.1. Moreover, $ : Al^"*"^ — >■ 
A^(^) is an anlytic diffeomorphism, and is lifted to an orbifold isomorphism 

between M'^^^ and M''^'' . 

For the notions of and geometrically finite hyperbolic orbifolds and orb- 
ifold isomorphism, see Subsections 2.1 and 2.3. 

To prove Theorem 1.1, we need to study it from two sides : the forward 
problem and the inverse problem. In both issues, the arguments are centered 
around asymptotically hyperbolic ends and singularities in the finite parts. 
The main ingredient of the forward problem is the spectral and scattering 
theory for Laplace-Beltrami operators on asymptotically hyperbolic mani- 
folds, which two of the authors have studied in [24]. Since this part does 
not depend on the space dimension, we shall state only the results in this 
paper, leaving the detailed explanations in our paper [26] , where we extend 
the above theorem to the higher dimensional case. Relations to the collapse 
theory of Riemannian manifolds will be discussed in [38] . 

The crucial idea for the inverse problem part is the boundary control 
method. Just like our previous paper for the inverse scattering on manifolds 
with cylindrical ends [25] , we reduce the issue to the inverse boundary value 
problem from an artificial boundary in the end Mi. The new ingredient in 
this paper is the argument around conic singularities based on the explicit 
form of the metric (1.2). 

We use a variety of notions from algebra, geometry and analysis in this 
paper: Fuchsian groups, orbifolds, conical singularities, spectral theory for 
self-adjoint operators with continuous spectrum, boundary control method. 
They are not complicated in themselves, however, we shall try to make the 
paper as readable as possible, by giving detailed explanations for elementary 
parts, sometimes referring to other papers for precise proofs. In §2, we recall 
basic facts on the Fuchsian groups, 2-dimensional hyperbolic orbifolds to 
explain our motivating example, and introduce the manifold with conical 
singularities. In §3, we study spectral properties of the Laplace-Beltrami 
operator of our manifold. The generalized S-matrix is defined in §4. We 
shall prove Theorem 1.1 in §5, and Theorem 1.3 in §6. 

The notations used in this paper are standard. For Banach spaces X 
and y, B(Af;3^) denotes the set of all bounded linear operators from X 
to y. For a self-adjoint operator A in a Hilbert space T-L, o'(^), iJp{A), 
ac{A), ad{A), Oe{A)^ aac{A) denote its spectrum, point spectrum (the set 
of all eigenvalues of A), continuous spectrum, discrete spectrum, essential 
spectrum and absolutely continuous spectrum, respectively, and Hac(^) and 
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'Hpp{A) are the absolutely continuous subspace for A and the closure of the 
linear hull of eigenvectors for A, respectively. Generic points on M. are 
denoted hy p, . . . , or X,Y, . . . , while those in the ends Mj are often written 
as {x,y). N denotes the set of all positive integers. When h, I C M is 
an interval and dn is a measure on I, (7, h; d//) denotes the space of all 
h- valued L^— functions on I with respect to d/x. 

2. 2-DIMENSIONAL HYPERBOLIC ORBIFOLDS AND CONICAL SINGULARTIES 

2.1. Fuchsian groups. The upper-half space model of 2-dimensional hy- 
perbolic space is C+ = {z = x + iy;y > 0} equipped with the metric 

(2.1) ds^ = (M!±(M!. 

y2 

The infinity of is 

dC+ = RU oo. 
admits an action of S'L(2,R) defined by 

(2.2) 5L(2,R)xC+ 9 (7,^)^7-^:=^, 7=(^ ^ 

The right-hand side, Mobius transformation, is an isometry on H^. The 
mapping : 7 — 7- is 2 to 1, and the corresponding factor group of Mobius 
transformations is isomorphic to PSL{2, R) = SL{2, R) /{it/}. For 7 7^ ±7, 
the transformation (2.2) is classified into 3 categories : 

elliptic there is only one fixed point in C+ 

^ |tr7| <2, 

parabolic there is only one degenerate fixed point on dC+ 

^ |tr7| =2, 
hyperbolic there are two fixed points on dC+ 
<^ |tr7| > 2. 

Let r be a discrete subgroup, Fuchsian group, of S'L(2,R), and Ai = 
r\H^ by the action (2.2). F is said to be geometrically finite if the fun- 
damental domain F\H^ is chosen to be a finite-sided convex polygon. The 
sides are then geodesies of H^. The geometric finiteness is equivalent to that 
F is finitely generated ([31], p. 104). Let us give two simple but important 
examples. 

2.1.1. Parabolic cyclic group. Consider the cyclic group F generated by the 
action z ^ z + t. This is parabolic with fixed point 00. The associated 
fundamental domain is then [— r/2, r/2] x (0, 00) with the sides x = ibr/2 
being geodesies. The Riemann surface M is then equal to S'^^'^'^ x (0,oo), 
which is a hyperbolic manifold with metric (2.1). It has two infinities : 
gT/2-K ^ |Q| g^j^^ rjnj^g pg^j,^ gT/2'iT ^ 2) has au infinite volume. The 

part 5'^/^'^ X (1, oo) has a finite volume, and is called the cusp. 
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2.1.2. Hyperbolic cyclic group. Another simple example is the cyclic group 
generated by the hyperbolic action z — )• Xz, A > 1. The sides of the fun- 
damental domain {1 < \z\ < A} are semi-circles orthogonal to {y = 0}, 
which are geodesies. The quotient manifold is diffeomorphic to 5'^'°^^-'/^'^ x 
(—00,00). It is parametrized by {t,r), where t G R/(logA)Z and r is the 
signed distance from the segment {(0, s) ; 1 < s < A}. The metric is then 
written as 

(2.3) ds^ = {drf + cosh^ r (dt)^ . 

The part r > (or r < 0) is called the funnel. Letting y = 2e~^ , r > 0, one 
can rewrite (2.3) as 

Therefore, the funnel is regarded as a perturbation of the infinite volume 
part 5'(iog^)/27r X (0,1) of the fundamental domain for the parabolic cyclic 
group. 

2.2. Classification of 2-dimensional hyperbolic manifolds. The set 
of limit points of a Fuchsian group F, denoted by A(r), is defined as follows 
: w G A(r) if there exist zq G C+ and 7^ G T, 7^ 7^ I, such that ^n' ^ w. 
Since F acts discontinuously on C+, A(F) C (?H^ = There are only 3 

possibilities. 

• {Elementary) : A(F) is a finite set. 

• {The 1st kind) : A(F) = dW^. 

• {The 2nd kind) : A(F) is a perfect (i.e. every point in A(F) is an 
accumulation point of A(F)), nowhere dense set of 5H^. 

Any elementary group is either cyclic or is conjugate in PSL{2,Ii) to a 
group generated by j- z = Xz, (A > 1), and ■ z = —1/z (see [31], Theorem 
2.4.3). 

For non-elementary case, we have the following theorem ([8], Theorem 
2.13). Although [8] deals with the case without elliptic fixed points, this 
theorem holds for the case with elliptic fixed points. 

Theorem 2.1. Let M = r\tP be a nan- elementary geometrically finite 
hyperbolic manifold. Then there exists a compact subset /C such that A4\JC 

is a finite disjoint union of cusps and funnels. 

The regions mentioned above, i.e. fundamental domains of parabolic 
cyclic groups, hyperbolic cyclic groups, and non-elementary geometrically 
finite groups are the models of hyperbolic spaces to be dealt with in this 
paper. 

Other important theorems are the following (see [31], Theorems 4.5.1, 
4.5.2 and 4.1.1). 

Theorem 2.2. A Fuchsian group is of the 1st kind if and only if its funda- 
mental domain has a finite area. 
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Theorem 2.3. A Fuchsian group of the 1st kind is geometrically finite. 

For the Fuchsian group of the 1st kind, therefore, the ends of its fun- 
damental domain are always cusps. In this case, usually it is compactified 
around parabolic fixed points and made to a compact Riemann surface. The 
automorphic functions associated with this group turn out to be algebraic 
functions on this Riemann surface (see [43]). 

It is well-known that there is a 1 to 1 correspondence between the compact 
Riemann surfaces and the fields of algebraic functions. This suggests a 
general idea that a surface will be determined by a set of functions on it. 
What we pursue in this paper is an analogue of this fact. Asymptotically 
hyperbolic manifolds, more generally non-compact Riemannian manifolds 
with good structure at infinity will be determined by the set of solutions 
to the Helmholtz equation, more precisely, by the asymptotic behavior at 
infinity of solutions to the Helmholtz equation. Before going into the detail 
of this issue, we need to recall the notion of orbifolds. 

2.3. Elliptic fixed point and analytic structure of r\H^. Now, we 

study the analytic structure oi Ai = r\H^, where F is a Fuchsian group. 
Let M-sing be the set of all elliptic fixed points in M.. Under the assumption 
of geometric finiteness, Msing is a finite set. 

Lemma 2.4. Let p G Msing, o-nd 

X{p) = {7 G r ; 7 ■ p = 

the isotropy group of p. Then, it is a finite cyclic group, and its generator 
7o satisfies 

(2.4) !^i^^,2Wni^, ^ = 

w — p z — p 

for some n = Up GlSi. 

Proof. Recall that the cross ratio 

/ N zi — Z3 Z2 — Z4 

[Zl,Z2,Z3,Z4) = 

Zi - Z4 Z2- Z3 

is invariant by the fractional linear transformation z — t- w = 7 • z = {az + 
h){cz + d)~^. Suppose p,q £ C are the fixed points of z ^ w. Then, since 
^; = 00 is mapped to u; = a/c, we have {w,a/c,p,q) = {z, 00, p,q), which 
implies 

w — p z — p a — cp 

w — q z — q^ a — cq 

For the elliptic case, \k\ = 1, since q = p. By the linear fractional transfor- 
mation T{z) = {z — p)/{z — p), 7 is written as 7 = T~^kT. Therefore, I{p) 
is isomorphic to a discrete subgroup of SO{2), which proves (2.4). □ 

To introduce the analytic structure near p, we let t be the canonical 
projection 

L:li^3z^[z] = {g-z;ger}e r\H'^. 
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Using n from (2.4), we introduce the local coordinates ifp(L{z)) near p by 

C := = T{zr = ( " , Cip) = 0. 

Identifying z and l{z), we have as C ^ 

Therefore, 

(Im z)^ (Im zf 

Direct computation entails 

cb _ p — V ^i/n-lr-^ _ ^l/n\-2 

dC, n 

p_p l_|^l/n|2 

Im z = 77—77 • 

2i |l-(l/n|2 

Therefore, we have 

Note that 1 < A < 2. The volume element and the Laplace-Beltrami opera- 
tor are then rewritten as 



dx^dy i , i\dz/dC\^ - 

2 9^ _ 4(Imz)2 ^2 



y''{dl + dl) =A{lvazf 



dzdz \dz / dC\^ dCdC' 
Both of them have singularities at p. However, if /, g are C°°-functions with 
respect to ( supported near p, we have 

Jm ^ r 7|ci<6 ^C^C ^ici<6 

What is important is that the singularity of the volume element and that of 
the Laplace-Beltrami operator cancel. 

Let Msing = {pi, ■ ■ ■ ,Pl}- We take a small open set Uj C M such that 
Pj G Uj, Ui Ci Uj = $ if i ^ j. We construct a smooth partition of unity 
{Xj}j=o such that suppx^- cUj, j = !,■■■ ,L, and Ylf=o Xj = lonM. We 
put 

' dx /\dy i dz Adz 



(2.7) dvjj^^ = < 



(j = 0), 



2 (Imz)^ 
\dz/dcf 



2(Imz)2 
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(2.8) dV^'^ 



1 

-dzAdz (j = 0), 



and define a quadratic form Qas[u,v] by 

L „ L 



Qas[u, v] = f2 [ Xjuv dvjj'^ + V / XiV« • Vv dV^J\ 



j=0 j=Q ''^ 

where 

f {dxA) (J = 0), 

\{dt,ds) OVO), {(: = t + is). 

Let L'^{M.) be the Hilbert space of L^-functions on M. with respect to 
the measure dxdy/y^. As is easily seen, a/ Qas{u, u) defines a norm on 
Co'iM \ Msing)- Let D{Qas) be the completion of Cq'{M \ Msing) with 
respect to the norm ^JQAs[u■,u]. This is the counterpart of the Ist-order 
Sobolev space on M.. 

Lemma 2.5. Let V he a geometrically finite Fuchsian group. Then, for any 
compact set K C r\H^, the imbedding 

D{Qas) ^ u ^ u\j^ e L^{K) 

is compact. 

Proof. This is obvious if K does not contain elliptic fixed points. Around 
an elliptic fix point pj {1 < j < L), wc take local coordinate = t + is as 
above, and for a sufficntly small r > 0, let Br = {{t, s) ; i^ + s^ < r^}. Then, 
by (2.8), if u G D{Qas) has a support in Br, 

(2.9) / \u\'^dtds <C I \u\^dV^\ 

with a constant C > 0. By the Sobolev imbedding ii"*(R'^) C L[^^(R'^), 
where < s < d/2, p = 2d/ {d — 2s), we have 

(2.10) i^HR') C LfjR2), Vp>2, 

with continuous inclusion. 

We take a, /3 such that a'^+p-^ = 1, 1< a < 2/A. Then by (2.6), (2.7), 
and Holder's inequality 

/ \u\^dV^^ <C j r-^\u\'^dtds<c( [ r~^"(ii(isV (I \u\'^^dtds] 

JBs JBg \Jbs J \Jbs J 

where r = (s^ + i^)^/^. Since Xa < 2, the 1st term of the most right-hand 
side tends to when 5—7-0. To the 2nd term of the most right-hand side 
we apply (2.10). Using (2.9), for any e > there exists 6 > such that 



Bg X-J Bg J B2S 
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Suppose we are given a bouded sequence {un} in D{Qas)- Then the inte- 
gral of \un\^ over with respect to the measure dV^^ can be made small 
uniformly in n. Outside B^, we use the usual Rellich theorem. This proves 
the lemma. □ 

Let Has be the Laplce-Beltrami operator — — 1/4 on defined 
through the quadratic form QasV^^v]. It is well-known that 

(2.11) D{Has) C D{h]II) = D{Qas). 

Corollary 2.6. x{Has — z ^ R, is compact on L^(r\H^) for any 

x€Co°°(r\H2). 

Proof. This follows from Lemma 2.5 and (2.11). □ 

Using these facts, one can discuss the forward problem, i.e. the spectral 
theory for Has in the same way as in [24]. In order to discuss the inverse 
problem, however, it is more appropriate to change the differentiable struc- 
ture around singular points and introduce the notion of conical singularities. 

2.4. Manifolds with conical singularities. Orbifolds. Let us repeat 
the definition of a Riemannian surface with conical singularities. We warn 
the reader not to confuse it with the Riemann surface (the 1-dimensional 
complex manifold). 

Definition 2.7. A -surface Ai is said to be a Riemannian surface with 
conical singularities if there exists a discrete subset M.sing of M. such that 
(i) there exists a smooth Riemannian metric g on M. \ Aising, 
(a) for each p € M.sing, there is an open neighborhood Up of p such that the 
assumption (A-2) is saMsfied on Up. 

Let Ai he a. Riemannian surface with conical singularities. Then, near 
p G Aisingi letting = rcosO, x"^ = rsm.0, we see that the metric g = 
gijdx^dx^ satisfies 

(2.12) C-^I < (gij) <CI, C> 1. 

This shows that, although the metric g may be singular at A^sing^ 

the H^- 

norm 

/ r f ■ du du \ 

(2.13) \\uU.^M) = l^jju\'V9dx + Jj^^,-^V9dx) 

can be introduced in the same way as in the case of C°°-Riemannian mani- 
fold. In particular, the following lemma holds. 

Lemma 2.8. Let A4 be a surface satisfying (A-1) ~ (A-4), and Ag its 
Laplace- Beltrami operator. Then —Ag — 1/4 has a self-adjoint realization 
through the quadratic form, which is denoted by H. Then, for any x £ 
CQ°{Ai), x{H — z)~^ , z ^H, is a compact operator on L'^{Ai). 
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Next we return to = r\H^, where F is a Fuchsian group. We show 
that (A-2) is satisfied around an eUiptic fixed point p e M. By (2.6), putting 
C = pe*^, the metric (2.5) takes the form 

±|cr^(i - \C\'h-'dCdC = (1 - P'h-'^,P-' {{dpf + p'idef) . 

Putting t = 2/9^~^/^ = 2p^/"', we can rewrite it as 

Solving dr = {1 — /A)~^dt, we have 

, 2 + t ^ I + 
r = log = log —r- . 

Therefore pV" = (e*- - l)/(e'- + 1), and (2.5) takes the form 
(2.14) idx)' + idy)' ^ 2 ^ 1 ^(^^)2_ 

This shows that (A-2) is satisfied for any p G Msing- We cover M.\M.sing by 
standard local coordinate patches of the quotient Riemannian surface r\H^. 
Therefore, is a Riemannian surface with conical singularties. Actually, 
the structure of conical singularities on = r\H^ is of a special form, 
making it a it Riemannian orbifold. 

To define an (orientablc) 2D-Ricmannian orbifold, let Aihea 2D-manifold. 
Suppose there exists a discrete subset Msing C M such that M\Msing is an 
orientable Riemannian manifold with a C°°-Riemannian metric g. We as- 
sume that each point p G Aising has a neighborhoods for which the following 
properties hold (see [48], [52]); 

(B-1) There exists an open set Up in R^, containing the origin and 
equipped with a Riemannian metric gp, such that, with respect to 
gp, Up is the ball of radius £ centered at 0. 

(B-2) There is a finite group of rotations r„p C SO{2) of order Up > 1, so 
that gp is invariant with respect to the action of Tn^. 

(B-3) Up ^ Up/Tnp, where Up is the ball of radius £ on A^, centered at p, 
and ~ stands for the isometry. 

If these assumptions are satisfied, we say that M is a 2-dimensional Rie- 
mannian orbifold. We call Up the order of p G Msing- For the neighborhoods 
defined in condition B-3 we denote by TTp : Up ^ Up the associated canonical 
projections and say that (Up,gp) is the uniformizing cover of (Up,gp). 

A homeomorphism $ between Riemannian orbifolds M^^^ and A^(^) is 
said to be an orbifold isomorphism if it has the following properties: 
(1) $ : M^^^ \ M^^jlg M^^^ \ M^^j^g is a Riemannian isometry. 
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(2) For any p^^) G TW^^^^ and p^^) = $ : U^^,^ U^^^-^ is lifted to an 

isometry between the coverings $ : J7^(i) — >■ i/^^j) • 

To bridge the notion of a surface with conical singularities with that of 
a 2-dimensional Riemannian orbifold, note that an orbifold singularity is a 
particular case of a conical singularity characterized by two properties: 

Condition 2.9. i. Cp = (l/n^)^. 

ii. The metric tensor (1.2), rewritten in coordinates = rcos{6/np), 
= r sm{6/np), being continued periodically onto ^4(0) = {r < e} is 
smooth. 

Returning to r\H^ and using equation (2.14), straighforward calculations 
show that each singular point p G r\H^ satisfies conditions i., ii. 

Let us summarize what we have done in this section. For the Puchsian 
group F G 5*^(2, R), A4 = F\H^ has a structure of a 2D-Riemannian orb- 
ifold. It is a Riemann surface, i.e. 1-dimensional complex manifold without 
singularities. By changing the differentiable structure around Msing = the 
set of the elliptic fixed points, Ai is regarded as a Riemannian surface with 
conical singularities. These two local coordinate systems have the following 
features. 

• They coincide except for a small neighborhood of Msing: and give 
an equivalent C°°-differentiable structure on \ Msing- 

• They equip M\Msing with the hyperbolic metric, which is singular 
at Msing in the case of orbifold. 

• The associated Laplace-Beltarmi operators are unitarily equivalent. 

It follows from these properties that the associated (generalized) S-matrices 
coincide, since they are defined by the asymptotic behavior at infinity of so- 
lutions to the Helmholtz equations. 

This new coordinate system resolves the singularities of the hyperbolic 
metric at elliptic fixed points, which makes the proof of local compactness 
of the resolvent easier. The merit of introducing the notion of conical sin- 
gularities is not restricted here, however. It is used effectively in the inverse 
problem in §5. On the other hand, the original coordinate system is ana- 
lytic even at elliptic fixed points. This fact will be used in §6 to discuss the 
orbifold isomorphism. 

3. Spectral theory for asymptotically hypebolic manifolds 

In [24], for manifolds without conical singularities, we have already stud- 
ied spectral properties of the Laplace-Beltrami operators on asymptotically 
hyperbolic manifolds : limiting absorption principle for the resolvent, spec- 
tral representations, S-matrices. Thanks to Lemma 2.8, and also to the fact 
that M sing is & finite set, the proof of the above facts works well without 
any change. We shall explain below the basic ideas for this forward problem 
and summarize the results. 
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Let A be a self-adjoint operator in a Hilbert space %. If A £ 
the limit limg_^o(^ — A^ze)~^ does not exist in B(7{;'H). However, in some 

important cases, when A G o"c(yl), it is possible to define \Ymc^Q{A— X^ie)~^ . 
This is achieved by choosing suitable Banach spaces 7i+,7i- satisfying 

c 7^ c 

with continuous injections, so that 

lim iA-\Tie)~^ G B(H+;H_). 

This fact is usually called the limiting absorption principle. For A = — A 

in R", the best choice of T-L± arc the Bcsov type spaces B,B* found by 
Agmon-Hormander [1]. We first define a counterpart of B,B* in the case of 
hyperbolic spaces. 

3.1. Besov type spaces. Let h be a Hilbert space endowed with inner 
product ( , )h and norm || • ||h. We decompose (0, oo) into (0, oo) = U^gz-^fe) 
where 

(exp(e'^~^),exp(e*^)], k>\, 
h = \ (e"\e], k = Q, 

(exp(-el''l),exp(-el'=l-i)], k < -1. 

Let B = B{h.) be the Banach space of h-valued function on (0, oo) such that 

1 /2 

(3.1) ll/lb = E-'"^'(/ ll/(^)llh$) <oo. 

The dual space of B is identified with the space equipped with norm 

(3.2) hl|s*= sup- -/ ||n(2/)||^— <oo. 

\^fl>e log R Ji/R J 

For example, for (p £ h, y^/'^cj) belongs to B* . We also use the following 
weighted L^-space: for s G R, 

(3.3) L^.- 3u^ \\u\\s = l^j^il + I \ogy\f'\\u{y)\\l ^) < oo. 

For s > 1/2, the following inclusions hold: 

(3.4) L^'^ c H C L^'^/^ C c c C L^''. 

liu.v ^B* satisfy 

(3.5) ^^^^ 

R-^oo log R Ji/R R-^oo log R J 2 

we regard that u and v have the same asymptotic behavior at infinities, 
y = 0, and y = oo, correspondingly. We have the following lemma. 
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Lemma 3.1. For u ^ B* , the following two assertions are equivalent. 
(3.6) TZTuT \HMl%=0. 



The proof of the above results are given in [24], Chap. 1, §2. 

3.2. Bessel functions. We use the following knowledge of Bessel functions. 
For the details, see [54]. The modified Bessel function (of the 1st kind) Iv{z), 
with parameter z/ G C, is defined by 

(3.8) W=(|)^E „,r{f(T+l) ' (-00,01. 

n=0 ^ ^ 

It is related to the Bessel function Juiz) as follows 

Iu{y) = e-'-^^/^Miy), y>0. 

The following function K^{z) is also called the modified Bessel function, or 
the K-Bessel function, or sometimes the Macdonald function: 

(3.9) g.-(^)=; '-'f>"y" . "^z, 

2 sm(z/7r) 

Kn{z) = K_n{z) = \\m K^{z), neZ. 
These Ii,{z),Ki,{z) solve the following equation 

(3.10) z'^u" + zu' ~ {z^ + u'^)u = 0, 

and have the following asymptotic expansions as |z| ^ oo: 

g-2 + (!^+l/2)7ri ^ ^ 

(3.12) Ky{z)^J^e~^, \z\^oo, -tt < arg 2; < tt. 

y 

The asymptotics as 2; ^ are as follows: 

(3.13) I,{z) ^ 



r(i/ + i) V2; ' 

(3.14) K,{z)^ — ^f^_^f£r'_^_f£y'), j.^z 



Kn{z) 



— log z, n = 0, 

2"-i(n- l)b-", n = 0,1,2,... 
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3.3. Spectral properties of the model space. By Theorem 2.1, the 
surfaces whose ends are asymptotically equal toS'x(0,l)orS'x(l,oo), S := 
S^, equiped with the metric given by 

(3.15) ^^,^ {dy? + idxf ^ o<.<2., 

form a broad and meaningful} class of 2-dimensional surfaces. In this sub- 
section, we shall introduce a model for such surfaces and study the spectral 
properties of the Laplace-Beltrami operator on it. Since it is an unper- 
turbed (free) space, we put the subscript free for every related object on it. 
We put Mfree = S and let be the Laplace-Beltrami operator on S. It 
has eigenvalues and eigenvectors 

(3.16) An = ipn{x) = e^"^/v^, n G Z. 
Let M free = ^free X (0; oo) and H free be given by 

(3.17) Hfree = -y\dl + dl)-\. 

Aifree two infinities corresponding to y = and y = oo. We call 
the former the regular end, and the latter the cusp. In the following, the 
subscripts c and reg mean the cusp and regular end, respectively. 

3.3.1. Green's operator. Green's kernel of Hf^ee is computed as follows. 
Consider the 1-dimensional operators 

1 

4' 



(3.18) Lfree{0=y^{-d^y + C^)--;, CeR, 



(3.19) {LfreeiO + '^')"' =: GfreeiC, y)- 

If C / 0, by (3.9), (3.10), Gfree{Qi^) iias the following expression (see [24], 
Chap. 1, §3), 

dy' 



(3.20) {GfreeiC, [y) = / Gfree{y, y' \ C, J^)V'(y') 

JO 



{yT 



(3.21) Gfree{y,y';C,'^) = 



{yy'f'^K,{Cy)UCy'), y > y' > 0, 

{yy'f'^UCy)Ku{Qy'), y'>y>o. 



Let us remark that in [24], Lfree-, Gfree ^-re denoted by Lq, Gq. In what 
follows, the subscript is, however, reserved to denote the terms associated 
with the eigenvalue Aq = 0. 

When C = 0, we have (see [24], Chap. 3, §2), 

f°° dv' 

(3.22) {Gfreei^, v)^) iv) = Gfree{y, y' 0, ^My')-^, 

,,,,, r i 'n ^ ^ / y'>y>0, 

(3.23) Gfree{y,y ■,0,f) = TT ^ 1,1^ 

[y.-(y').+-, y>y'>0. 
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We define B{C) and B(C)* by putting h = C in Subsection 3.1. Then we 
have, by [24], Chap. 1, Lemma 3.8, 

(3.24) l|G'/.ee(C,^)^llB(C)* <C||^||h(C), 

where the constant C is independent of v, when v varies over a compact set 
in {Rev > 0} \ Z, and also of (, when ReC > 0. One can also prove (3.24) 
for C = 0. 

Recalling (3.16), we put, for f{x,y) € Hfree ■= L'^{{0,oo) : L'^{S);dy /y^), 

(3.25) f^(y)= f{x,y)ipnix)dx. 

Let Rfreei^) = {Hfree — z)"^ , z = —u^ . Then 



Rfreei-l^^)! = 1] ^'^(a;) [{Lfree{\n\)+l^yfn{-)) (v) 
nSZ 

J2^nix) (Gfreei\n\,l^)fn{-)) (v)- 



(3.26) "^^ 



neZ 

For < a < 6, we put 

(3.27) J± = {zeC; a<Rez<b, ±Imz > 0}. 
The estimate (3.24) then implies 

(3.28) \\Rfreeiz)f\\B* < C||/||b, 

with B = B{L'^{S)) and B* = B{L'^{S))*, where the constant C is indepen- 
dent of 2; G J±. This uniform estimate is crucial in proving the limiting 
absorption principle. In fact, by [24], Chap. 3, Theorems 3.5 and 3.8, the 
following theorem holds. 

Theorem 3.2. (1) (j{Hfree) = [0,oo). 

(2) ap{Hfree) = 0. 

(3) For X > 0, f E B = B{L'^{S)), the following limit exists in the weak 
* -sense 

limi?/ree(A ±ie)f =: Rfree{>^ ± ^0)/, 
i.e. there exits the limit 

lim(i?/^ee(A±ie)/,5r) , 'if,geB. 

Note that, since Rez/ > 0, we have, letting u = —i{k ± ze). A; > 0, 

(3.29) Rfree{k^±iO)f = J2iPnix) (g freeiH^ik)^-)) {y). 

neZ 
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3.3.2. Fourier transform. Let / G C^{Aifree), and k > 0. For n / 0, the 
associated Fourier-Bessel transform is defined by 

(3.30) F,ree,n{k)f = '"^^^"^^ T v'^' K,k{\n\y)fn{y)% 

jQ y 

For n = 0, the associated Melhn transform is defined by 

(3.31) ^)-oW/ = ^/°°^^""/o(^)^- 
Definition 3.3. We put 

h = C® L'^{S), ^ = L2((0,oo);h;dA;), 
and define J^^jl^^ik) and J^^tgjreei^) 

(3-32) J'it/reeik)/ = F^^^^ik)/. 

{4tlfreeik)f) (x) = (fe)F)^i,o(^)/ 
^^•^^^ + E C(±)(fc)¥P„(x)Fy,ee,n(fe)/, 

nez\{o} 



(2) ^ 

^ (n = 0), 



A;u;±(fc) V 2 



TT 



(3.34) CW(^) = 

(3.35) u;±{k) = (2A;sinh(fcvr))i/2r(l Tzfc)- 
Finally, we define the Fourier transform assocaitcd with Hfree by 

■^frleik) = (•^i,/ree(^)'*^rei/ree(^)) " 

The important step for the spectral representation is the following Parse- 
val's formula 

(3.36) - {[Rfreeik'' + iO) - Rfree{k^ - iO)]/, /) = \\:Ff2,{k) f 



This and the uniform estimate (3.28) imply the following inequality 
(3.37) ll^}2e(^)/llh < C\\f\\B. 

Therefore, J^}2e(^) 

can be extended uniquely on B. For f E B, we define 
an h- valued function of A; G (0, 00) by 

{j'Peef) (k) = :F^tLik)f- 

Then, by integrating (3.36) with respect to k over (0, 00), we see that J'j^^^ 

can be extended to an isometry from Tifree to 7i. In fact, it is unitary (see 
[24], Chap. 3, Theorem 2.5). 
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Theorem 3.4. -T^j^gg is uniquely extended to a unitary operator from Hfree 
to 7i. Moreover, if f £ D{Hfree) 

(J'^rleHfreefm = k\j^P^J){k). 

The Fourier transform -Ff^^^ is related to the asymptotic expansion of the 
resolvent at infinity in the following way. 

Theorem 3.5. For k > and f e B, we have 

^^•^^^ 1^ r " ^ " ""^^^ 7 ^ °' 

(3.40) '"£^(^) = ±^\/|- 

This theorem is proven by comparing the form of Green's function (3.21), 
(3.23) with the definition of J~j^].^, and using the asymptotic expansion of 
Bessel functions. Sec [24], Chap. 3, Theorem 2.6. 

3.4. Basic spectral properties for asymptotically hyperbolic man- 
ifolds. We turn to the spectral properties of the manifold M. satisfying 
the assumptions (A-1) ~ (A-4) in §1. To deal with the Laplace-Beltrami 
operator — Ag for M, we first pass it to the gauge transformation 

Here p G C°°{M) is a positive function such that p = 1 in a small neighbor- 
hood of Msing- On each end Mj, 

P = 9free{j)/9, 

where gfree{j) s-nd g define the volume elements, in the (x, y)— coordinates, of 
the unperturbed and perturbed metrics on Mj- Note that p = const in each 
Aii, i = 1, . . . , p. Let H be the self-adjoint extension of —p^^'^Agp~^^^ — 1/4 
defined in the same way as in Lemma 2.8. Our first concern is the (non) 
existence of the embedded eigenvalues in the continuous spectrum. 

Theorem 3.6. (1) ae{H) = [0,oo). 

(2) If one of Mi 's is a regular end, then crp{H) f] (0, oo) = 0. 

(3) If all of the M.^ 's have a cusp, then o'p{H) n (0, oo) is discrete with finite 
multiplicities, whose possible accumulation points are and oo. 
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For the proof, see [24], Chap. 3, Theorems 3.2 and 3.5. The assertion (1) is 
a consquence of Theorem 3.2 (1) and Weyl's theorem on the perturbation of 
essential spectrum. The main tool for proving the assertion (2) is a theorem 
on the growth property of solutions to an abstract differential equation with 
operator-valued coefficients ([24], Chap. 2, Theorem 3.1). The assertion (3) 
is a standard result which follows from the a-priori estimates for solutions 
to the reduced wave equation 

(3.41) (_A,-i-^)u = / 

and the short-range perturbation theory for the Schrodinger equation. □ 

Take xo £ C^{M) such that xo = 1 on /C, and put Xi = ^ — Xo on Mi, 
Xi = on M \ Mi. Then {xo, Xi) " ' ' i Xn} is a partition of unity on M 
subordinated to decomposition (1.1). 

We define the Besov space Bi by Bi = B{C), when Mi has a cusp, and 
Bi = H(L^(S"'*)), when Mi has a regular infinity. We then put 

N 

II/IIb = IIxo/||l2(^) + J2 W^ifhi^ 

i=l 
N 

\\u\\b' = \\xou\\l'^(^m) + X] 

i=l 

which define the Besov type spaces B and B* on 7W. 
Let R{z) = {H — z)~^ be the resolvent of H. 

Theorem 3.7. For A G (0,oo) \ ap{H), there exists a limit 

lim R{X ± ie) = R{\ ± iO) € B(i3 ; i3*) 

in the weak *-sense. Moreover, for any compact interval I C {0,oo)\ap{H), 
there exists a constant C > such that 

\\R{X±iO)f\\B*<C\\f\\B, AG/. 
For f,g G B, {R{X:iziO) f , g) is continuous with respect to X E {0,oo)\ap{H). 

This theorem is proved in [24], Chap. 3, Theorem 3.8. The proof con- 
sists of two main ingredients. We first establish some a-prori estimates for 
solutions to the reduced wave equation (3.41) by the elementary tool of in- 
tegration by parts ([24], Chap. 2, Lemmas 2.4 ~ 2.8). This 1st step is 
essentially the 1-dimcnsional problem. The proof of Theorem 3.7 is done by 
the argument of contradiction, using the compactness of the perturbation 
and reducing the problem to the uniqueness of solutions of the equation 
(3.41) satisfying the corresponding radiation condition. 

The above mentioned radiation condition is as follows. Let 

a±{X) = ^TiVX, A > 0. 
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We say that a solution u G B* of the equation (— ~ I ~ -^)^ = f ^ ^ 

satisfies the outgoing radiation condition, or u is outgoing, if 

(3.42) 

1 dy 

hold as -R — 7- oo. The following theorem follows from [24], Chap. 3, Theo- 
rems 3.7 and 3.8. 

Theorem 3.8. Let A G (0,oo) \ ap{H). 

(1) If u £ B* satisfies {H — \)u = and is outgoing, then u = 0. 

(2) For f £ B, R{X + iO)f is outgoing. 

3.5. Fourier transforms associated with H. Wc shall make use of the 
perturbation method to construct the Fourier transform for H from that of 
the model space. Let Hfree(j) be defined by 

(3.43) HfreeU) = "/(^^ + Am,) " ^, 

where Am, is the Laplacc-Beltrami operator of Mj. Let Xj be the partition 
of unity as above. We put 

(3.44) Vj = H - Hf ,,,^^) on Mj. 

This is symmetric on C^{Aij), since so arc H and ifj^.^gQ). Observe that 
{Hf,,,(^j) - X)xjQj{\ ± iO)ii(A ± zO), 

where 

(3.45) Qjiz) = Xj + {[Hfreeij),Xj] " XjVj) R{z). 
Therefore, we have the following equality 

(3.46) Xj-R(A ± iO) = Rfree{3){^ ± iO)Q,(A ± iO). 

This formula suggests how the generalized Fourier transform is constructed 
by the perturbation method. 

Let Xj^n = {n/rj)"^, (pj^n{x) = e*"^/''^/ y^27rrj be the eigenvalues and 

normalized eigenvectors of Am,- We define /ree(j)(^) by (3.32), and 

^^tg,free{j)(^) ^y (3.33) with M replaced by Mj, ipn by y'j.n, and cj,^\k) 

byCjJ(A;), i.e. 



(3.47) Cjj(fc) 



2 1' 



, kuj±{k)\ 2' 



(Ai,n = 0). 
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3.5.1. Definition of J^j^^^^j^{k) . Recall that, for 1 < j < Mj has a cusp, 
and, ior fj, + 1 < j < N , Aij has a regular infinity. 

(i) For 1 < j < /X (the case of cusp), we define 

(3-48) 4SeO)(^)=-^f/U)(^)- 

(ii) For n + 1 < j < N (the case of regular infinity), we define 

3.5.2. Definition ofT^^\k). For 1 < i < A^, we define 

(3.50) T^^\k) = Tp^^^.^ik)Qjie ± iO), 
Finally, we define the Fourier transform associated with H by 

(3.51) ^W(fc) = (j-;±)(fc),-- - ,Ti^\k)). 

3.5.3. Eigenfunction expansion theorem. Let 
(3.52) 

hoo = ®jLi^j, = C,l<j<n, hj = L^{Mj), /X + 1 < i < AT. 

and for ip,'^ G hoo, define the inner product by 

^l N 

(3.53) {V,'4^)i^oo=^'Pj'^3Wj\+ ^ i^j,'(Pj)L^Mj), 

j=i j=M+i 
where \Mj \ = 2Trrj is the length of Mj. We put 

n = L\{0,ooy,h^;dk). 

Theorem 3.9. We defilne {T^^'>f){k) = T^^Hk)/ for f €B. Then T'^^^ is 
uniquely extended to a bounded operator from L^{M.) to % with the following 
properties. 

(1) Ranjr(±) =-H. 

(2) \\f\\ = \\F'^^)f\\forf(^nUH). 

(3) J^'^^^f = for f £ UpiH). 

U) {T^^^Hf) (k) = k^ (k) for f G DiH). 

(5) F^^\kY GB(hoo;i3*) and{H-e)J^(^\k)* = OforP G {0,oo)\apiH). 

(6) For f G T-LaciH), the inversion formula holds: 

f = = ^ / j^^^\kr {:F^^^f) {k)dk. 

j=i Jo 

The most important step of the proof of this theorem is Parseval's formula 
A ( [R^e + iO) - R{k^ - iO)] f, g) = {k)f, {k)g) ^ 
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for f,g G B, k'^ e (0,oo) \ ap{H) ([24], Chap. 3, Lemma 3.11), which 
is proven by the following Theorem 3.10. The remaining arguments are 
routine. See [24], Chap. 3, Theorem 3.12 for the details. 
Remark 1. The meaning of the integral in (6) is as follows. Let (0, oo) \ 
crp(H) = U^ili, where /j = (ai,bi) are non-overlapping open intervals. For 
g{k) G H, we have by (5) 

J^f>{kyg{k)dkeB*. 
As a matter of fact, it belongs to L^{M.), and 

lim /"^ ' J^!;^\k)*g{k)dkeL'^{M) 
in the sense of strong convergence in L'^{^A). Denoting this limit by 



r 



J^f\krg{k)dk, 



we define 



I Ff'\krg{k)dk = y^ Ff\krg{k)dk. 

3.5.4. Asymptotic expansion of the resolvent. For f,gEB*on.A4,hyfo:ig 
we mean that on each end the following relation holds, 

lim r P,(y)||/(y)-5(y)lli.(M,)$ = o 

R^oo logu Ji/ji ^ ^'y^ 

where Pj{y) = 1 {y < 1/2), Pj{y) = (y > 1), when Mj has a regular 
infinity, and Pj{y) = (y < 1), pj{y) = 1 (y > 2), when Mj has a cusp. 
Theorem 3.5 shows that •^^^le(j)i^) f computed from the asymptotic ex- 
panison of Rfree{j)i^ =t iO)f at infinity. This, combined with the formula 
(3.46) and definition (3.50), implies the following theorem (see [24], Chap. 
3, Theorem 3.10). 

Theorem 3.10. Let f G B, k^ G CFe{H) \ ap{H), and Xj be the partition of 
unity on M. Then we have 

R{k^ ± iO)f ^ J^\k)Y,Xjy'/'^"':F^^\k)f 
i=i 

N 

j=ii+i 

The following theorem is a characterization of the solution space of the 
Helmholtz equation, and is proved in the same way as in [24], Chap. 2, 
Theorem 7.8. 
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Theorem 3.11. If k'^ £ (0,oo) \ ap{H), we have 

{ueB*;{H- k^)u = 0} = F^^\k)*\v^. 

3.6. S matrix. We derive an asymptotic expansion of solutions to the 
Helmholtz equation. Let V(, be the differential operator defined by 

where Vi is defined by (3.44). We put 

(3.54) = { ^] = ( P^, 



where is the Laplace-Beltami operator on Mj and is the projection 
onto the subspace on which — Am^ > 0. For 1 < j,i < N, we define 

Sji{k) G hf, hj by 
(3.55) 



We define an operator-valued N x N matrix S{k) by 

(3.56) S{k) = (Sjeik)Y , 

and call it S -matrix. This is a bounded operator on hoo. 

Theorem 3.12. (1) For any u G B* satisfying {H — k^)u = 0, there exists 
a unique if)^^^ = (V'i^\ " ■ ■ ) i^N^^) ^ l^oo such that 

H N 

u Jf> {k) Xj 2/'/'"'' + ^- E y'^'^'" 

(2) For any i'-'- -* G hoo; there exists a unique 

^(+) 

satisfying {H — k^)u = 0, for which the expansion (1) holds. Moreover 

^(+) = S{k)^^-\ 

(3) S{k) is unitary on h^. 

For the proof, see [24], Chap. 3, Theorems 3.14, 3.15, 3.16. 
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3.7. Helgason's theorem. Before closing this section, we give some re- 
marks on Theorems 3.11 and 3.12. As the most fundamental example of 
hyperbolic space, let us consider the Poincare disc D in C. As is well-known, 
the Poisson integral 

(3.57) „(.) = -y^ (^^) nm, 

f{9) being a function on the boundary dD = S^, gives a solution to the 
Helmholtz equation in D: 

(3.58) {-Ag- E)u = 0, E = 4s{s-1). 

Our solution space B*, which is associated with the case in which the bound- 
ary space is L^(S'^), has the following feature: Regarding the decay at infin- 
ity, which corresponds to the boundary dD = S*^, of solutions for (3.58), B* 
is the smallest space. In fact, by [24], Chap. 3, Theorem 3.6, if a solution 
u of the equation (3.58) has a faster decay rate than B* at regular infinity, 
u vanishes identically. The largest solution space for (3.58) was given by 
Helgason. In [21], he proved that all solutions of the Helmholtz equation 
is written by (3.57), where f{6) is Sato's hyperfunction on the boundary. 
This result was extended to real hyperbolic spaces by [45] and to general 
symmetric spaces of rank 1 by [33]. 

Rem,a,rk 2. Let A{S'^) be the space of functions on S"^ having analytic con- 
tinuations in a neighborhood of 5"^. By the correspondence 

(3.59) c = (c„)„,z ^ /c = E 

neZ 

A{S^) is identified with the set of sequences 

c : 3p > 1 s.t. E knlp'''' < oo- 
nez 

The dual space of A{S^), the space of Sato's hyperfunctions on S^, is iden- 
tified with the set of sequences 

d = (dn)„gz ■ < V/9 < 1, sup [dnjpl"! < OO. 

Although B* is the smallest solution space, it has sufficiently many so- 
lutions if one of the ends is regular. In fact, one can determine the whole 
manifold from the knowledge of a component of the S-matrix associated 
with regular end, see [24]. It is not the case for the cusp due to the fact that 
the cusp gives rise only to the 1-dimensional contribution to the continuous 
spectrum. This requires us to generalize the notion of the S-matrix. 

4. Generalized S-matrix 

4.1. Exponentially growing solutions. In order to enlarge the solution 
space of the Helmholtz equation, we enlarge the associated space at infinity. 
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Definition 4.1. We introduce the sequential spaces by 
9 a = {an)nez ^ Vp > 1, ^ |a„| V'"' < 



oo, 



neZ 

By the correspondence (3.59), 1^'°° is identified with the space of functions 
on having analytic continuations on C \ {0}, moreover 

Let 7^ A; € R. Suppose u{x,y) G C°°(R x (1, oo)) is 27rr-periodic in x, 
u{x, y) = u{x + 27rr, y), and satisfies there the equation 

(4.1) _y^i^dl + 32'^u-\u = k\ 

Expanding u into the Fourier series 

«(:.,y) = -^^e--/'^t.„(y), 

we have 

(Tl^ \ 1 

Then Un is written as 



(4.2) un{y) 



any V2/_.^(|n|y/r) + hny^'''Kik{\n\y/r), (n 7^ 0), 
aoy"^-'^ + hoy"^^'\ (n = 0). 



Let us note that K-i,{z) = Ky{z). 

Lemma 4.2. Given u{x,y) G C°^(R x (l,oo)), w/iic/i is 2in — periodic in 
X and satisfies (4-1), let a = (a„)„gZj b = (6„)„gz be defined by (4-2). If 
a.el'^'°°, then b G 

Proof. Recall the asymptotic expansion of the modified Bessel functions 
(3.11), (3.12). Since a G we have X)„ |a„p|/_iA;(|ra|y/r)|^ < 00 for any 
y > 1- By Parseval's formula, 

y"i«(-,2/)lli2(0,2^r) 

= J2 \anl-ik{\n\y/r) + bnKik{\n\y/r)\'^ + |aoy"^^ + Wl^- 

We then have ^„_^o l^nPI-^ifed^-ly/?")!^ < 00, y > 1, hence b G □ 
We introduce the spaces of generalized scattering data at infinity : 

(4.3) A±oo = f ® © f © L\Mj)] , 

Mj being S'''^ with metric ds^ = (da;)^, x G [0, 27rrj). 
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We use the following notation. For 



(4.4) 

(4.5) 
we let 

(4.6) u 



V^(») = (ai,...,a„V^(::l,...,Vf^)GAoo, 



^(-*) = (bi, • ■ • , b„ , • • • , 4°"*)) G A_oo, 



(in) 
j 



' bj,o y'^'^"' + J2 hn e'^-^'^y'/^Kik{\n\y/rj), 1 < j < fi 
(4.7) u'p''^ = I n^O 

[ oo+ik) y V2-^fc^K0 (^)^ ^^+l<j<N. 

Here aj^n-,bj,n are the n-th components of G Z^'°°,bj G Let ( , )j 

be the inner product of {S'^i ) : 



fgdl. 



Lemma 4.3. Let k > be such that k'^ ap{H), V'^*"^ 4^"'' as m (44), 

(4-6), andu^'^'^^ = J2f=i Xj'^j^^^ ■ Then, there exists a unique solution u such 
that 

(4.8) {H - k'^)u = 0, u- is outgoing, 

i.e. u — belongs to B* on M., and satisfies (3.42). For this u, there 
exists = (bi, • • • , b^, ip'^^i , • • • , V'^"*^) G A_oo such that 

(1) forj = I,-- - ,11, 

(4.9) u = uf""^ - u'f^*\ in >tjn(suppxo)^ 

(2) forj = fi + l,--- ,N, 

(4.10) - 4'"' ~ -uj.""*^ in A^,-. 
Explicitly, hj and -^j""*-* are ^iuen 62/ 



y^/^7_jjfc(|n|y/dj)/j-,n(y)^, n 7^ 0, 



(4.11) 
(4.12) 

(4-13) 

w/tere 

(4.14) f = {H- A;2)n(-), = x,'/ + [Hf,,,^j),Xj]R{k'' + iO)f, 
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(4.15) ii,= -^(/„e"-/^>),. 

Proof. The uniqueness follows from Theorem 3.8. To show the existence, 
we represent 

(4.16) « = n(^") - + iO)/. 

Then the condition (4.8) is satisfied by Theorem 3.8. By Theorem 3.10, we 
have 

^J. N 

which proves (4.10) and (4.13). 

For j = 1, • • • , /i, let Hf^eeij) = —y^^ — 1/4 on 5""^ x (0, oo), and put 

Since 

{-^free{j) ~ X)XjR{^ ± ^0) = Xj + [Hf,^,^j^,Xj]R{X ± ^0), 

we have 
(4.17) 

Xji?(A ± iO) = Rfree(j)i>^ ± ^0)Xi + Rfree{j){^ ± *0) [ff/^geO) > Xj]^(A ± iO). 

Note that on Mj, f = [H,Xj]u^~\ and [i?, Xj] is a Ist-order differential 
operator with coefficients which are compactly supported in Mj- Therefore, 
fj is compactly supported, in particular fj = on Aij Ci (suppxo)'^) and, by 
(4.14), 

(4.18) XjR{k^ + iO)f = RfreeU)ik^ + ^0)/,-. 

By (3.20), (3.21), (3.26), and taking account of (3.29), we have for large 

y>o, 

(4.19) 

^ -.{RfreeU){k'+iO)fj,e'"-/'^) 



Using K-ik{z) = Kik{z), and noting that 

^inx/vj irix/rj 



we prove (1). □ 
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Given tij™'', j = 1, • • • ,//, one can compute bj^n by observing the asymp- 
totic behavior of n — in a neighborhood of the cusp. With this in mind, 
we make the following definition. 

Definition 4.4. We call the operator 

S(A:) : Aoo 3 4""'^ ^ ^^'^'^ G 
the generalized S-matrix. 

4.2. Splitting the manifold. We take a compact submanifold, F C M, of 
codimension 1, and split M into 2 parts, Mext and Mint, in the following 
way: 

M = Mext U Mint, Mext H Mint = T. 

Here Mext \ T and Mint \ T arc assumed to be open submanifolds of M 
with boundary T inheriting the Riemannian structure of M- Assume also 
that Mext is non-compact, has infinity common to A^i and no other infinity. 
Recall that the end Mi has a cusp. We also assume that Msing is in the 
interior of Mint- 

Let — Ag be the Laplace-Beltrami operator on M, Hext and Hint be 
— Ag — 1/4 defined on Mext, Mint with Neumann boundary condition on 
r, respectively. If M has only one end (i.e. N = 1), Mint is a compact 
manifold, and Hint has a discrete spectrum. If A^ > 2, both of Mint and 
Mext are non-compact, and, although now dMext = dMint = T 7^ 0, the 
theorems in §3 and §4 also hold for Hext, Hint- We denote the inner product 
of L\T) by 



(/,5)r = ^ 



fgdl. 



We put 

4'n,free 



'y'/'''\ n = 0, 
e'^-/''y'/''l.ik{\n\y/n), n^O, 

9n = {H - fc^)xi0n,/ree = [^^/ree(l) ! Xl]0n,/ree, 

(4.20) 4>\t^ = XlKfree ' Rik" + iQ)9n- 

Lemma 4.5. We take T = Tq = {y = yo} C Mi, yo > 2. Let k > and 
k^ ap{H) n ap{Hint). Let f e L'^ITq) satisfy 

(4.21) (/,5.</'^+^)ro=0 VneZ, 

where v is the unit normal to Tq, = dy. Then / = 0. 

Proof. Note that Tq is naturally identified with S^'^ . We define an operator 
(5[,„GB(iJ-V2(ro);if-2(M))by 

{A.22){5'^^v,w) = {v,d,w)T„ yveH-y^Fo), e H\M), 
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and define u = R{k'^ - iO)5'p^J by duality, i.e. for w e L^'*', s > 1/2, 
{R{k^ -i0)6'rj,w) = {5'rJ,R{k^ + iO)w) 
= {f,dyR{k^ + iO)w)ro. 

Note tliat (H - k'^)u = 5'^ J in the sense of distribution, hence, in the 
classical sense, 

(4.23) {H - k^)u = 0, M\ To. 

Considering -ff/ree(i) -^i ^ (IjOo), we have 
(4.24) 

^^^1 nez 

Here, taking account of (3.29), for n 7^ 0, 

y^/2i^ife(|n|y/ri)) y^/'^Iik{\n\y/ri), y < yo, 

' y=Wi 



(4.25) An{y) = 
and, for n = 0, 

(4.26) Ao(y) = { 



(y'^'lik{\n\y/ri))' y'/^Kik{\n\y/ri), y > yo, 
^ ^ y=yo 



y>yo. 



By (4.17), (4.20) and (4.22), when y > yo and n ^ 0, u = R{k^ - i0)6'-pj 
satisfies 

27rri(n(-,2/),e™^/'-^)i 

= y^/^Kik{\n\y/n) / / e-'^-/'^{y'f/^kk{\n\y'/n) 
Jo Jo 

X {Xl + [Hfree(l),Xl]Rik' " ^0)} '^^/^ 
= yl/2i^ifc(|n|y/ri) {S'r f , {xi - Rik^ + mH freeil) , Xl]} <l>n,free) 

= y'/^Kik{\n\y/n){f,dy<p',+^)ro = 0. 
Similarly, one can show that, for large y, 

(u(-,y),l)i =0. 

Therefore, u = when y is large enough. Since {H - e)u = in Mexu 
the unique continuation theorem imply that tt = in M.ext- Let ^(y) G 
Cq°(1, 00) have value 1 in a neighborhood of y = yo- Then, 

R{e - iO)5'^J - ay)Rfreeii){k^ " iO)<5^ J G C^{M). 

Thus, using formulas (4.24) ~ (4.26), we see that dyRfJi^ — iQ)5Y^f is con- 
tinuous across Tq. Therefore, in Mint, u satisfies {Hint — k^)u = and the 
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Neumann boundary condition on Fq, hence u = in Aiint- This fohows from 
the assumption k"^ ^ <7p{Hint) when Mint is compact, and from Theorem 
3.8 when Aiint is non-compact. We then have u = m Ai, which imphes 
5'^ J = 0. Thus, by (4.22), {f,dyw)ro = 0, Vw; G H'^{M), which proves 
/ = 0. □ 

The generahzed S-matrix S{k) is an operator-valued N x N matrix. Let 
Sii(A;) be its (1, 1) entry. For a G we put b = Sii(A;)a G and 

neZ 

Then, {H - = and by (4.6) and (4.7) it takes the form 

^ (in) (out) 
^ = u\ ' — u\ ' 

In particular, in Ali, 

4-) = aoy'/'-'' + ^ ane^'-/'^■V^'I-^k{\n\y/n), 

n^O 

«(™*) = boy'/'+'' + ^ bne^-^/^-^y'/'K,,i\n\y/n). 

n^O 

Therefore, the knowledge of Sii(fc) is equivalent to the observation, for any 
incoming exponentially growing wave n^*"^ at the cusp Mi, the correspond- 
ing outgoing exponentially decaying wave u^"^^^ at TWi. 

4.3. Gel'fand problem, BSP and N-D map. Before going to proceed, 

let us recall the Gel'fand inverse boundary-spectral problem. Let be a 
compact Riemannian manifold with boundary d^l, F C dO, be an open sub- 
set, and —Ag be the associated Laplace-Beltrami operator. Let = Ai < 
A2 < • • • be its Neumann eigenvalues without counting multiplicities, and 
ifn,i, • • • , fn,m{n) be the orthonoimal system of eigenvectors associated with 
the eigenvalue A^. Let us call the set 

|(An,¥'n,l|r> ■ • • ''^n,m(n)|r)}^_-^ 

the boundary spectral data (BSD). The problem raised by Gel'fand is : 
Do BSD determine the Riemannian manifold Q ? This problem was solved 
by Belishcv-Kurylev [4] using the boundary control method (BC-mcthod) 
first proposed by Belishev [3] for inverse problems in Euclidean domains. 
Later, the method has been developed to study inverse problems on com- 
pact Riemannian manifolds, [2, 35, 29, 37, 32, 36, 34, 39] and non-compact 
manifolds [5, 25]. The BC-method combines the control theory obtained 
from unique continuation results [50, 51] with Blagovestchenskii's identity 
that gives the inner product of the solutions of the wave equation in terms 
of the boundary data. This identity was originally used in the study of 
one-dimensional inverse problems, see [6, 7]. 
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Although it is formulated in terms of BSD, what is actually used in the 
BC-method is the boundary spectral projection (BSP) defined by 

(4-27) {(A„, ^ VnAx)^nAy)\^a^,y)erxr)}^^^- 

i=i 

This appears in the kernel of the Neumann to Dirichlet map (N-D map) 
(4.28) A{z) -.f^u, 

where u is the solution to the Neumann problem 

( {-Ag - z)u = in n, 

\d.u = feHy\r), 



(4.29) 



ly being the outer unit normal to T, z ^ a{—Ag). The N-D map is related 
to the resolvent (— A,, — z)~^ in the following way : 

(4.30) A{z) = 5^{-Ag-z)-^6r, z ^ a{-Ag). 

Here (5r G B ((ijV2(r))'; {H^{n)y) is the adjoint of the trace operator, 

3 w w\„ G 

(4.31) {drf,w)L2in) = {f,rrw)mr), f e H-'/^T), w e H^n), 

and we denote by (-ff*)' the dual to with respect to the L^— pairing. 
More precisely, we have 

Lemma 4.6. To give BSP is equivalent to give the N-D map A.(z) for all 
z^ai-Ag). 

We refer for analogous equivalence results for different kind of boundary 
data to [36, 30]. 

Let Q be non-compact with asymptotically hyperbolic ends of the type 
discussed in this paper. Let F C dO, be compact, and consider its shifted 
Laplace-Beltrami operator with Neumann boundary condition, H = —Ag — 
|. It has continuous spcctrTmi cfc{H) = [0, oo), and, furthermore, H has a 
spectral representation F like the one discussed in §3. In this case we define 
the BSP to be the collection 

[5lJ'{kyj'{k)5T ; fc > o} U {{Xn,5*rPn5T)Y^^^. 

Here A„ is the eigenvalue of H, P„ is the associated eigenprojection and m, is 
the number of eigenvalues which, in principle could be infinite, see Theorem 
3.6. In this case, we extend the N-D map K{z) for z G C \ cf{H) by using 
the solution u of (4.29). Note that we can extend the definition of A(z) for 
z = A;^ ibiO ^ crp{H) by using the outgoing or incoming radiation conditions. 
Then Lemma 4.6 also holds in this case. (See [24], Chap. 5, §3 and §4, [25], 
Lemma 5.6.) 
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Denote by Giz;X,Y), z eC\ a{H), the Schwartz kernel of {H - z)'^ . 
Since 

{H - zY^ = V Pn + / ^FikYTik) dk, 

^ An - 2; Jo k^ - z 

we have, in view of (4.30), that 

1 /-oo 1 

(4.32) •,•) =V- 6*rPn6r+ -r-^ d'rHkTHkWdk. 

Z Jq K — Z 

Here the left-hand side is understood as the Schwartz kernel of the operator 
in the right-hand side of the formula. 

4.4. Generalized S-matrix and N-D map. Returning to our problem 
concerning 2-dimensional non-compact surfaces with conical singularities, 
we take CI = Mint with Fq = {X G Mi : y = yo}, yo > 2. We define the 
N-D map for Mi„t by (4.28) and (4.29). 

Now suppose we are given two manifolds M^'^\ i = 1,2, satisfying the 
assumptions (A-1) ~ (A-4) in §1. Let — A^*) be the Laplace-Betrami operator 

of Assume that A^(') has Ni numbers of ends, and let sj^\^(fe) be the 

(1, 1) entry of the generalized S-matrix for iJ^'^ = — A^*) — j. 

Assuming that r^^^ = we can naturally identify M^^^ and Mi'^ 
Taking Fq as above, we split A^(*) into M^llt U by using Fq. Let 

^int ~ ~^tnt ~ i be the shifted Laplace-Beltrami operator of m'iII^ with 
Neumann boundary condition on Fq, and define the N-D map A(*)(z) for 

(i) . . . 

^inf With this preparation, we can prove the following lemma. 

Lemma 4.7. Let k > 0, k^ ^ ^^piH^^^) U ap(if(2)) y ap(//£]) U ap{H^^^). If 
S5\)(fc) = Sf^\k), we have A^^\k'^ + iO) = A(^\P + iO). 

Proof. For i = 1,2, we construct (pn^ as in (4.20), and put u = •* — (pn^ . 
Then u satisfies 

(i/W - k')u = (-A« -k'-\)u = for X e M'St = A^S, viX) > 2, 

due to xi = 1 there, see (3.41). Since s[\^(A;) = s[^^(/c), by the same 
argument as in the proof of Lemma 4.5, we have u = for X G M^J^ = 
MfJt, y{X) > 2. Hence, O^n^ = d^4>n^ on Fq. 

In Mf^t, (p^n^ is the out going solution of the equation {H^^^^ — k'^)(j)n^ = 0. 

Hence, d,y(pn'' = A.^'^\k^ +iO)(j)n^ |p^, where we again use that Xi = 1 ^lear 
Fq. This implies 

(4.33) A«(A;2 + iO)0«|r^ = A^'\k' + iO)cl>(^^\^^, Vn. 

Lemma 4.5 implies that the linear span of {^i^^n^lp^ ; n G Z} is dense in 
L2(Fo). Therefore, by (4.33), A(^\e + iO) = A(2)(A;2 + iO). □ 
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Corollary 4.8. Let (a, b) be an interval such that (a, 6)n(ap(if*^^)) U ap{H'^'^^)) 



0, and assume that s\^^\k) = sf^{k) for k"^ G (a, h). Then k^'^\z) = A(2)( 
if z ^ a{H\^^) U (T{H\^^). Moreover, BSP's for H^^^. and h\^^ and Green's 
kernels G^\z\X,Y) for (ijW - z)'^ , i = 1,2, coincide on Vq x Tq. 

Proof. For / G iI^/2(ro), let F e H^iMf^^) satisfy 
(4.34) d,F\r, = f, supp{F) C S^^ x [2,yo]. 

Then, 

where Wf{z) = — {H^nt ~ independent of i = 1, 2, due to (4.34). Note 

that A.^^{z)f is analytic, if z ^ criH^nt)^ and have a limit, A»(A;2 ± iO)/, 
when 2; -)• A;^ ± iO, k"^ ^ UpiH^'J^). Using Lemmas 4.7, 4.6 and (4.32) we 
obtain the result. □ 

5. Uniqueness of inverse scattering 

5.1. Blagovestchenskii's identity. To prove the uniqueness of the inverse 
scattering problem we start with some auxiliary results. Let O be a (possibly 

non-compact) Riemannian surface with conical singularities (and asymptot- 
ically hyperbolic ends) and H = — — jhe the Hamiltonian corresponding 
to Neumann boundary condition on dfl. We denote by J'{k) the Fourier 
transform associated to H and by Pj the orthogonal projections correspond- 
ing to eigenvalues Xj of H using the convention that J-{k) = when 17 is 
compact. Let F C dil be open. Consider the solution u-l'{X,t) of the initial 
boundary value problem 



(5.1) 



Let 



d^u — AgU — = 0, in J7 x M_|_, 

u\t^o = 9tu\^^^ = 0, in n, 
^ duU = f, in 512 X M+, supp / C F x M_|_. 



^ for A = 0. 




Lemma 5.1. Assume that we are given the curve F C d^l, the length ele- 
ment dl on F and the BSP of H on F. Then, for any given f,h& (F xM_|_) 
and t,s > 0, these data uniquely determine 



iuf{t),u\s))L2(^n)= / uf{X,t)u'^{X,s)dSx 

and 

{uf{t),l)L2^n) = I uf{X,t)dSx. 
Jn 
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Moreover, the hyperbolic N-D map Rf : / i-)- u^yx{o,t) can be written in 
terms of BSP as 

ft / ™ 

/(•,*) = dt'[y^B{t-t',Xn)5lPn6r + 

Jo \n=l 

(5.2) + dkB{t-t',k^)5lF{k)*J^{k)5T^f{-,t'). 
Proof. The solution (t) can be written as 

J dt'y^B{t-t\Xn)Pn5T + J dkB{t-t',k^)J^{ky\Fik)Srjfi-,t'). 

Restricting this equation to T, we prove (5.2). 

Using the similar decomposition for ii'*(s), we obtain the following for- 
mula: 

(5.3) iuf{t),n\s))l,= 



Here 



/ dt' [ ds' [ dlx [ dlYK{t-t',s-s',X,Y)f{X,t')h{Y,s'). 
Jo Jo Jr Jr 

m 

K{t, s, ■,-)=Yl ^(*' ^n)B{s, Xn)S*rPnSr 

n=l 

+ / dk B{t,k^)B{s,k'^)d^T{k)*T{k)dr, 
Jo 



where the left-hand side is understood as the Schwartz kernel of the operator 
in the right-hand side. 

Moreover, as J{t) = (u^it), 1)^,2 satisfies the differential equation 

d^J{t) = {d^uf{t),l)L2 = iAguf{t),l)L^ = J^f{Y,t)dlY 

and initial conditions J(0) = dtJ{t)\t=o = 0, we see that 

{uf{t),l)L2= f dly f dt' B{t-t',0)f{Y,t'). 
Jr Jo 

□ 

Above, the formula (5.3) is a generalization of Blagovestchenskii identity 
(see [32, Theorem 3.7]) for Riemannian surfaces with conic singularities. 

Next we will apply these formulas to compute the area of the domain of 
influence 

(5.4) n{r, T) = {X en: dg{X, f) < T}, f c r, 

where dg denotes the distance in $7 with respect to g. We denote the area 

ofJ7(f,r) by Sg(n(f,r)). 
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Lemma 5.2. Assume that we are given the curve F, the length element dl 
on r and the BSP of H onV. Then, for any given open set F C F and 
T > 0, these data uniquely determine Sg{ft{r,T)). 

Proof. Let w G L^{U) be a function such that w = 1 in J7(r,T). For 
/ G Co°(f ^ (0)?"))) real- valued, we define the quadratic functional 

W) = \\uf{-,T)-w\\l2(^^)-\\w\\l2^^y 
Since supp T)) C Q{T,T), we have 

(5.5) It(/) = \\uf{;T)\\l2^^^-2{uf{;ni)mny 

Hence, by Lemma 5.1, wc can compute Ixif) for any / € Co^iV x (0,r)) 
uniquely by using BSP and dl on F. In the sequel, this is phrased as we can 
compute. 

Now we use again the fact that, for / G Co°(f x (0, T)), supp {u^ {■,T)) C 
0(f,r) so that (5.5) yields that 

Irif) = \\uf{-,T) - X(f,T)llL2{n) - \\X(T,T)\\L2(n)^ 

where X(fT) characteristic function of Q,{T,T). Thus, 

(5.6) Jr(/) > -Sg{n{f, T)), for all / G C^{r x (0, T)). 

By Tataru's controllability theorem, see [50] and e.g. [32], there is a sequence 
hj G C^(f X (0,r)), such that 

lim ^/^^(•,r) = xn(fT) '^^L\n). 

For this sequence, 

(5.7) lim Irihj) = -Sg{n{t, T)). 

On the other hand, if fj G C^(r x (0,T)) is a minimizing sequence for It, 
i.e., 

(5.8) lim Irifj) = mo := inf{/T(/); / G C^{t x (0,T))}, 

then, by (5.6) and (5.7), 

lim u^^ (•, T) = xn(f t) in L'^{n). 

Thus, using any sequence (/j) satisfying (5.8), we can compute 

Sgin{r,T)) = hm (^^^■(•,r),«^^(.,r))i2(n). 

□ 
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5.2. Reconstruction near Tq. To prove Theorem 1.1 our first aim is to 
show that Alreg and M^Jg are isometric. The proof is based on the proce- 
dure of the continuation of Green's functions, G^'^\z; X ,Y) , i = 1,2, of the 
operators H^^^^. 

We are going to prove the uniqueness for the inverse problem step by step 
by constructing relatively open subsets A^(i)'^^'= c A^J^J and TW^^)'™'^ c 

(2) 

M-IJ^, which are isometric and enlarge these sets at each step. In the fol- 
lowing, when c Mi% n and ^(2)-^^^ c Mi% H M^^^ are 
relatively open connected sets and 

is a diffeomorphism, we say that the triple (M.^^^''^^'^, J\4^'^^'''''^^, ^'"'^'^) is admis- 
sible if : ^ M^^^'''^'' is an isometry, that is, {^''''^)^g^^^ = y^^) 
and the values of Green's functions G^'^\z,X,Y) on Al^*^'^^*^ satisfy, for 
X,Y e the relation 

(5.9) = G«(z;X,y), for zeC\R. 
First we consider Green's functions in the set 

N = ToX {2,yo]cMi. 

Lemma 5.3. When N is considered both as a subset M.j^f and M.^^^ and 
I : N N is the identity map, then the triple {N, N, I) is admissible. 

Proof. By the assumpton (A-3) and r^^ = r^\ the map / : {N,g^^^) 
(AT, 5(2)) is an isometry. By Corollary 4.8, we know that 

G^^\z;X,Y) = G'^^\z;X,Y), zeC\R+, X,Y£To. 

Let z G C \ R. Since Green's function G^*) {z; X, Y) satisfies the elliptic 
equation, 

(5.10) (-AW-i-z)G«(z;,y) = <5y, onAt«, 

a,GW(z;-,y)|ro=0, 

and g^^\X) = g^'^\X), for X £ N, we can use the principle of unique con- 
tinuation with respect to X to show that G'^'^\z; X,Y) = G'^^\z;X,Y) if 

X e N,Y eVo. Moreover, as G^\z;X,Y) = G(^{z;Y,X), Green's func- 
tion satisfies an elliptic equation analogous to (5.10) also in the Y variable. 
Thus, using the principle of unique continuation with respect to Y, we see 
that {z; X, Y) = G^^) {z; X, Y) for X,Y e N and z e C\R. □ 
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5.3. Continuation by Green's functions. To reconstruct subsets of man- 

(i) 

ifolds Ml^^, i = 1,2, by continuing Green's function, we need the the fol- 
lowing result telling that the values of Green's functions identify the points 
of the manifold. 

(i) 

Lemma 5.4. Let Xi,X2 G Mint such that 

(5.11) G»(z,Xi,y) = GW(z,X2,F) 
for all Y gTq and some z G C \ M. Then Xi = X2. 

Proof. Using the unique continuation principle for the solutions of elliptic 
equations as above after (5.10), we see that (5.11) implies that G^^\z, Xi,Y) = 
G^^{z,X2,Y), for all Y G M^-^t \{Xi,X2}. As the map Y ^ G^^{z,X,Y) 

is bounded in the compact subsets of M^^^ \ {X} and tends to infinity as Y 
approaches X, this proves that Xi = X2. □ 

Remark 5.5. Lemma 5.4 has the following important consequence: If the 
triples (ivf \ TVf \ $1) and {N^^\ ,<S>2) are admissible and ivf ^niV^^^ / 
0, then, by Lemma 5.4, the maps ^*i(x) and $2(2;) have to coincide in 
n[^^ n A^2^^^ Moreover, if N^^ = N^^ U i = l,2, and 

(5.12) Mx) = | forxGiV«, 
^ ^ -^V 7 I ^^^^^^ for ccGiV^'^ 

then, by Lemma 5.4, the map <I>3 : N^^^ — t- n!^^^ is bijective and hence a 
diffeomorphims. This implies that the triple {N^^\ n!^^\^3) is admissible 

The procedure of constructing the isometry between ^A^j^^ and -M-l^t 
sists of extending the admissible triple {M'^^^''^'^'^,M^'^^''^'^'^, $''^'^). In the first 
step, we apply Lemma 5.3 to the triple {N,N,I). In the subsequent steps 
we always assume that N C A^W'''^'^. 

Let Qi G ?; = 1,2, 

(5.13) (l.'-(gi) = d^'Hqi,ro)>{yo-2)/2, 

where d^*) denotes the distance on M.^^\ Let R = R{q) > be sufficiently 
small so that R < {yo — 2)/4 and the Riemannian normal coordinates, 
centered at qi, are well defined in B^^\qi,2R), i.e. the ball of the radius 
2R with respect to the distance d^*). Assume also that R is so small that 

0(0 = B^^{qi,R) satisfy 

(5.14) O^'^ c 7WW'^^'=\ro. 

Then $^<==(C»(i)) = 0(2), \0^'^ are connected and C>W has smooth 

boundary. 

Denote = M^llAO^'^ ■ We put i/g^ = -A(*) - | in n'§ endowed with 
the Neumann boundary condition: 

(5.15) d„v = on dn'§ , 
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V being the unit normal to the boundary. 

Let z G C \ M and consider the Schwartz kernel {z\ X, Y) of the oper- 
ator {Hq' — z)~^. It satisfies the equation 

(5.16) ^_A»_l_^jGo«(z;-,y)=(5y, Yen^^\ 

di,G^^{z; ■ , 5^)|rouaoW = ^■ 

Let O^*) C A^(*)''''^'^, i = 1,2 be relatively compact subsets with smooth 
boundaries (which later will be chosen to be the balls described earlier). Let 
$ : 90(1) ^ QQi2) a diffcomorphism. Let {6*^^^^J^^'\k)*J^^'\k)60i^))km+ 
and (Ai'^)™^i and (P,l'^)™^i be the BSP related to operator H^^ on dO^^, 
i = 1,2. We say that the BSP related to operators Hq(i) on dO^^^ and Hq(2) 
on 90(2) ^-related if mi = m2 and, for all h G C°°(90(2)), A; > 0, and 
J = 1, 2, ... , mi , we have 

d*^,,,T^'\krT^^\km*h)dow)^* = ^*(^s*^,^^^^^^ 

Ai') = Ai^), 6*^,,,p('\{^*h)6owW = (<^^(.)P^')(Mo(.))) . 

Note that $* induces a bounded operator : H^{dO^'^'>) iJ*(90(^)), which 
is denoted by $* again. 

Lemma 5.6. Let ( A4(^) A^(2) ^> '''"') he an admissible triple and 0^''\ 
i = 1,2 he relatively compact subsets of M^'^^''^^'^ such that O^"^^ = $'"'='=(0(^)) 
andM^'^'^^'Xa^'^ are connected. Let G^q\z;X,Y), z £ C\M be the Schwartz 
kernels of {H^q — z)^^ . Then 

(5.17) G%\z;X,Y) = G%\z-V^\X),^''^^{Y)), X,Y e M^^'^^'^" . 

Moreover, the BSPs related to operators H^^ on dO^^^ and H^^ on 90(2) 
are ^'^'^'^ -related. 

Proof. Skipping for a while the superscript (*) , we start the proof by assum- 
ing that we are given G{z; X, Y) for X,Y e M^^'^ C Mint and 2; G C\M and 
showing that if O is a relatively compact subset with a smooth boundary of 
the open set JvV^'^ such that M.'^'^^ \ O is connected, then we can determine 
Go{z- X, Y) for X, F G M''^" \ O and z G C \ M. 

To show this, let us denote by Gq^{z;X,Y) some smooth extension of 
X ^ Go{z- X, Y) into O, where Y G M''^" \ O. Then 

(-A - ^ - Gg^*(z; ■,Y)-5{-,Y) = F{. , Y) G C-(>t-^), 
where suppF(-,y) C O is fixed. Therefore, 

Goiz;X,Y) = Giz-X,Y)+ [ G{z;X,Y')F{Y',Y)dSY'. 

Jo 
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In particular, due to boundary condition (5.16), if X G dO, 

(5.18) d,^x)G{z; X,Y)+ [ d,^x)G{z; X, Y')F(Y', Y)dSY> = 0, 

Jo 

where i^{X) is the unit normal to O at X. On the other hand, if F{- , 1") G 
C°°(A1''^^), suppF(- ,F) C O, satisfies the equation (5.18), then the func- 
tion 

(5.19) G{z;X,Y)+ f G{z;X,Y')Fiy',Y)dSY', X ,Y e M'^^" \ O , 

Jo 

is equal to Go{z;X,Y). As we have in our disposal G{z;X,Y) for X,Y e 
j^rec^ we can verify, for any given function F, if it satisfies the equation 
(5.18) or not. As the equation (5.18) has, for every Y G dO, at least one 
solution, this implies that we can find some solution F for the equation 
(5.18) and thus determine the values of Go{z\X,Y) for X, y G dO and 
z G C \ R. 

Let Go{z; X, Y) be the Schwartz kernel of the operator SQQ{Ho—z)~^dgo- 
We have 

/•oo 

S*9oiHo - zr'Seo = (A - zr^oJ'oiXyToWSeodX 
Jo 

m 

+ X](An - z)~^5*QQPn5dO- 

n=l 

Using this we see that, for A > 0, 

(5.20) 5loJ'o{Xy:Fo{X)5oo = 

— lim (Sqq{Ho - X- i£)~^6do - Sqo{Ho - X + ie)~^6Qo) 

ZTTl £->-0+ 

and that A„ are the poles of the meromorphic function 6qq{Hq — z)~^6go 
in C. Its residues satisfy 

(5.21) res^=xJ*doiHo - z)~^5do = -5*QoPnho- 

Summarizing the above, we have shown the set Ai'''^^ with its metric and val- 
ues of Green's function Go{,z] X, Y) for X, F G dO and z G C \ M determine 
the BSP on dO. 

As (A^(i)''-^^ Al(2)''-ec^ $rec^ ig admissible, we see that F^^^ solves equation 
(5.18) on A^(2).^ec if and only if = ($^ec)*F(2) solves equation (5.18) 
on M^^^''^^'^. Substituting these solutions in (5.19) and using (5.9) we see 
that GQ{i){z]X,Y), i = 1,2 satisfy (5.17). Moreover, as the poles of z 

G^ {z; X,Y) in C, that is the eigenvalues of Hqh), coincide for i = 1,2, we 
see, using equations (5.20) and (5.21), that BSP related to operators H^^ 
on and H^^^ on dO^"^^ are $''^^-related. □ 
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5.4. BSP for subdomains of ^4int and recognition of singular points. 

When r C dO^^ and s > 0, we denote the domain of influence by 

fig)(r,s) = {x € J«(x,r) < s}. 

where d^*-* now is the distance in Q^^K 

Theorem 5.7. Let (^M^ ■^'^'^ . mC^) ■^'^'^ ^ he an admissible triple and 

= B^^\qi,R) C M^'-^'''"'', i = 1,2, be a ball centered at qi and radius R 
satisfying (5.13) and (5.14)- Denote 

(5.22) .Wfe) = min(d«(g„A^« ^), (yo - 2)/4). 

Then s^^\qi) = s^'^\q2). Using the notation s = s^^\qi), then, for 

J^{i),rec ^ ^{i),rec ^ ^QQii) ^ g _ Z = 1, 2, 

there is a map <1>''^'^ : — JUi'^)''^'^'^ which is an extension of 

Moreover, the triple A^^^^''"^'^, $'''^'^) is admissible. 

Note that S(^) {qi, s) = q!^^ {dO^^ , s-i?)U5« {qi, R) and that, {X, dO^^) = 
JW(X,9C>«) for X G \ OW. 

Proof. Assume opposite to the claim that we would have s^^\qi) > s^'^\q2)- 
Let 

(5.23) a = s^^\qi)-R, b = s^^\q2) - R, < c < b < a. 

Then, by (5.2), the BSP of the operator H^^ on dO^^ determines, on dO'^^, 

the hyperbolic N-to-D map i?*^*)'-^ := R^^^i) of the Riemannian surface ^q, 
i = 1,2. This and Lemma 5.6 yield that these maps satisfy 

(5.24) (i?(i)'^(/i o $^^^))(X) = (i2(2),^(/j))($^ec^x)), X e dO^^\ 
for all h e Co°°(5C'(2) x M+). 

(i) 

Let us deform the surfaces replacing the metric with a smooth metric 
in the (6 — c)/2— neighborhood of the conic points and replacing the ends of 
the manifolds with compact surfaces. We can do this by smoothly pinching 
the first end-cylinder, S'^^ x (3/4yo + 1/2, yo) C Mi, to a semisphere -S'+(ri) 

and the parts of the other ends, ■M^j \ j > 1, which lie outside Q,^^ {dO^^\ a) , 
also to appropriate semispheres. These give rise to two smooth compact 
Riemannian surfaces J\f^'\i = 1,2, with T^*) := dJ\f^''> = dO^^ . Then the 
c- neighborhoods of dN^'^^ in A/"^*), denoted by A/'^*^(r(*), c), are isometric 
to rig^(9C(*),c). By the finite velocity of the wave propagation, which is 
equal to one with respect to the underlying metric, the above isometry 
implies that the N-to-D map Rgj^i) on dM^"^^ corresponding to manifold 

A^*^*-* coincide with the N-to-D map on dO^^^ corresponding to manifold 
for T < 2c. Together with (5.24), this implies that the inverse of the N- 

(i) T 

to-D maps Rgj^(i) , called the hyperbolic D-to-N maps, satisfy the equation 
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similar to (5.24). By [32, Lemma 4.24 and p. 200], the D-to-N maps with 
time T < 2c, determine uniquely the manifolds A/'^*^(5A/'^*\ c), implying that 
there exists an isometry, 

$c : Ar(i) (5Ar(^) , c) ^ Ar(2) (5Ar(2) , c) . 

Note that, if we identify dO^^^ with dO^^\ then the representation of this 
map in the boundary normal coordinates, see e.g. [32], is the identity map. 
As J\f^^\dJ\f^''\ c) is isometric to fi^ (9C>(*), c) and above c < 6 is arbitrary, 
this implies that there is an isometry 

(5.25) $ : n'^^\do^^\b) ^n'g\do^^\b), 

By the conditions of Theorem, if 6' < 6 is so small that r2^^(5C>('^), 6') C 
^(i),rec^ then 

(5.26) ^X) = ^'^''{X), X en'^0\dO^^^),b'). 

As Green's functions G^'^\z,X,Y), i = 1,2, satisfy relation (5.9) for 
X,Y e {dO'^'^\h'), we see, using the unique continuation in X and Y 
variables as in the proof of Lemma 5.3, that 

(5.27) G(2)(^;$(X),$(y)) = GW(z;X,y), 
/or zGC\M, X,y G 0^^(50^,6). 

Thus {Q.%\dO^^\h),n^^\dO^'^\b),^) is admissible. Using (5.25), (5.27), it 
follows from Remark 5.5 that <1>''^'^ can be extended by $ as 

(5.28) 5''^'= : A^(i)''-^^ ^ Mm,rec. 

^{i),rec ^ ^(i),rec ^ J^g) (^^^^^ , 6) 

Recall that, by our assumption, a > b. Due to (5.13), (5.22), this implies 
that M^jlg n dn^^\dO'^^\b) / 0. Next we show that this is not possible. 
For Y G dO^^^ we define the boundary-cut-locus distance 

Toii,{Y) = M{t > 0; jgit) e M^^ or J«(7® (*),5C?») < t}, 
where u G TyM.^'^^ is the exterior unit normal vector to dO^^^ and 'Jyuit) is 

(i) 

the geodesic on M.^^^. 

As the mapping (5. 25) is an isometry between ftff {dO^^^ , b) and J^g^ (90(2) , b) , 
we see that, for all Y G dO'^^\ 

min(ro(i)(y),6) = mm{roi2, {^'^%Y)) , b) . 

Next, any point p^'^^ G {dO^'^\b) can be written in the form 'Jy^it) 
where Y G dO^^ and t < min(r(p(i) (y), 6). Moreover, if 

(5.29) p^^ G dn'§ {dO^^ , 6) \ dO^^ , 
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then = b and there is 

(5.30) y(*) gOO^^) suchthat b<Ta(i){Y^^), p^^=i%^{h). 
Let 

(5.31) p(2)^^(2)^n5J7g)(50(2),6). 

By definition (5.22), (5.23), p^^) satisfies (5.29), (5.30). By the above, there is 
a point g QQi2) g^pi^ ^j^j^t p(2) ^ ^(2)^^ ^^^^^ Let Y^^^ = ($'-ec)-i(y(2)) 

and consider = 7j.\\) ^(6). Since n^Q\dO^^\h) and J^g^ (9C>(2) ^ ^re 

isometric, p*^^) satisfies (5.29), (5.30). Moreover, since a < b, p^^^ ^ -^iiig- 
Let 

Pi'^ :=7y«,.(&-2£), e>0, i = l,2. 

For e < 6/8, denote by O^*'' = B^^^pi''\e) the metric ball in JIq-* of 
radius e. By using (5.28) and choosing e > to be small, Og*^ satisfy the 
conditions of Lemma 5.6 with A^(*) instead of A^'^*^ instead of ^^'^'^ 
and d^'> instead of OW. 

Then, Lemma 5.6 implies that 

(5.32) BSP fovH^ on i = 1,2, are $^^»-related. 

Here hP = H^-' , i.e. is the Laplace operator associated with fii'^ = M\llf. \ 

oi^\ Equation (5.32) together with Lemma 5.2 imply that 

^(1) (0« {dOi'^ ,r-e)) = 5(2) (Q(2) (ddi^) , r - £)) 

when r >^0. 

Since ^^^"^ is an isometry, we also have 

5«(a«) = 5(2)(0(2))_ 

On the other hand, when £ > is small enough, 

5«(S«(p»,r)) = 5»(0«) + 5«(f^«(9d»,r-e)). 
Therefore, the above two equations imply that 

(5.33) 5(i)(i?«(#,r)) = 5(2)(i5(2)(p(2)^^))_ 

Next, we observe that as d^^\p'i\p^^^) < 2e, we have 

S«(pW,r - 2e) C 5«(pW,r) C sW(pW,r + 2£), for r > 2e. 
Thus, by the continuity of the area, 

5W(S«(p«,r)) = lim 5W(S»(p»,r)). 

Together with (5.33), this implies that, for r > 0, 

(5.34) 5«(BW(p«,r)) = S^''\B^''\p^''\ r)) . 
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Let us now consider the polar coordinates of TW*-*^ near p*^*^ where we note 
that, due to d(') Tq) > (yo - 2)/2, we have ^ Tq. In these coordi- 
nates, 

{dsf = {drf + C^^r"^ (\ + h^^{r,e)^ {dOf, 
cf. (1.2). It then follows from (5.34), that 

C» = C«(;jW) = lim At [^^(^^(pW, r)) 
satisfy 

(5.35) C«(pW) = C(2)(p(2)). 

Note that, if p(^) G TW^lg have C^^ / 1 and if p^^ £ Mi% then (7^^) = 1. 
As we assume that a = s^^^^{qi) — R > b = s^'^^{q2) — R, wc have p^^^^ € Alreg 

and thus C^^^ = 1. Hence, we also have C*^^-* = 1, and thus p^'^^ G A^reg, 
contradicting (5.31). This implies that a <b which is in contradiction with 
our assumption that we would have s^^\qi) > s^^\q2)- This shows that we 
must have 

sW(gi)=s(2)(g2). 

This equation together with (5.28) prove the theorem. □ 

Let A be the collection of admissible triples (W^^^ , W*^^) , $) such that N C 
W^^\ i = l,2. We define a partial order on A by setting {W^^\ W^^), $) < 
(WW^yA^m^q,) CW^^^ and<i> = ^\y^w. _ _ ^ 

Note that, by Remark 5.5, if (W^'^\ W^^),^) and {W'^^\ W'^^\^) are 
admissible triples, then (W^^^'^", W^^^'*'"', <!>''"'), where 



is also an admissible triple. Therefore, by Zorn's lemma, there exists a 
maximal element (Wm\ VVm^^m) £ A. 

Lemma 5.8. The maximal element {Wm\ ^m\^m) of A satisfies 
(5.36) Wg^ = A^W , 



Proof. If the claim is not true, there exists ' € Mreg H dWm ■ Let 



/x([0, 1]) be a smooth path from /x(0) = Z = {x,y), x G Lq, y = 2/3 + yo/3 
to /x(l) = Xq^\ such that 

M[o,i))cMS, /^n(^rox(^,2/o)) =0. 
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Then do = M^^lg) > 0. Let c = min(^, We can cover /i([0, 1]) 

by a finite number of balls = B^'^\xf\c/2) C TWlei? so that 

(5.37) Bf C Wg\ Bf n To = 0, G Bf\ 

where we order them so that xj^^ G sj^^ Let O^^^ = B(^\x[^\r) be 
a small ball such that < i? < c/2 satisfies (5.13), (5.14), and O^^ C 
yV^\ As S^\x'l^\ Mi2,g) > ^, Theorem 5.7 yields that we can extend 
the admissible triple {WmK }Vm\^m) onto 

>V» = >V« u s«(xP, c), ^ = $„,(xf )). 

As X^^^ £ B{x[^\c), this contradicts the fact that {W^\ W^^^m) a 
maximal element of A, which completes the proof of (5.36). □ 

Lemma 5.8 proves that there is a diffeomorphism 

which is a Riemannian isometry. Changing the role of indexes 1 and 2, we 
see that there is also a diffeomorphism 

which is a Riemannian isometry. Moreover, using Lemma 5.3 we see that 
f^rn and coincide with the identity map on Tq. 

Using (5.9) we see that for all z G C \ M, X G M^^g and y G Lq. 

{z; ^^{^^{X)),Y) = {z- X, Y). 

By Lemma 5.4, this implies that (^rn{^m{^)) = X-, that is, ° = I on 
Aires- Similarly, we see that o = I on M^eg and hence 
VVP) = A4(2) yyCi) = and $^ = 

' "^m •' '■reg' ''m •' '■regi o-'-^'-'- • 

Summarizing, we have shown that there is a diffeomorphism 

$„:(X«,<7(^))^(MeU^'^)' 
which is a Riemannian isometry. 

Skipping again the superscript , we show next that 

(5.38) d{X, Y) = dreg{X, Y), for any X,Y e Mreg, 

where dreg is the distance on {M.reg,9) defined as the infimum of the length 
of rcctifiable paths connecting X to Y. As Mreg C Ai, we have d{X, Y) < 
dreg{X,Y). On the other hand, let X,Y E Mreg and consider a rectifiable 
path n : [0,£] ^ M from X to Y, parametrized by the arc-length. As we 
consider infimum of the length of paths, we can assume that fj, is one-to- 
one. As Msing is discrete, fi can intersect it only finite many times. If 
p = n(to) G Msing, let us Consider the coordinates X : U ^ [0, Sp) x [0, 27r] 
near p defined in (A-2). Let £ > be small enough and G (0,£), 
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t- < to < t-^- be such that X(iJ,(t±)) = {£,0±)- If we then modify the 
path /X by replacing by a segment on the circle, that is, the path 

X-\e, J) where J C [0, tt] in the interval connecting 0_ to 6^, the length of 
ji is increased by 0(e). By choosing e small enough and modifying the path 
/J, in the above way in all points where /x intersects Msing, we see that near 
H there is a path in Mreg which length is arbitrarily close to the length of 
11. This shows that d{X,Y) > dregiX,Y) proving (5.38). 

The identity (5.38) implies that {Aiint,d), considered as a metric space, 
is isometric to the completion of the metric space (Mreg, dreg)- Thus, we 
can uniquely extend to a metric isometry 

(5.39) $:(A^«,d«)^(A^£l,a!(2)), 

Again, taking into account that the number of singular points is finite, we see 
that $ maps singular points to singular points. Let us numerate the singular 
points on 7W(i) and 7W(2) as Pi G / = 1,2,...,L and pf^ G M^'^\ 

Z = 1, 2, . . . , L so that = $m(pf^^)- 

The map $ defined above satisfies conditions (l)-(3) of Theorem 1.1. We 
prove (4) we use the following Lemma: 

Lemma 5.9. Let 

(5.40) $ : M^^^ M^'^^ 

satisfy the conditions (l)-(3) of Theorem 1.1. Then $ satisfies the condition 

U). 

Proof. Let pf'^ G M^^lg, pf^ = ^(p^^^) G Aiflg and £o > be so small 
that polar coordinates (A-2) centered at p^^'' are well defined in the ball 

(p[*^ ,eo)fori = 1,2. We denote these coordinates by V'^'^ : -B^*^ (pf ^ , £o) — > 
[0, eo) ^ [0)27r). Below, we skip the subindex /. 

First, using a point qi G Aii^Jg such that p^^^ is the unique closest singular 
point of M^^^ to gi, the proof of Theorem 5.7, see (5.35), shows that 

(5.41) Ci = C(i)(p(^)) = C(2)(p(2)) = C2 := C. 

Let us consider a distance minimizing curve in B^^\p^^\eo) emanating 
from the point p^^\ We call such curve a radial geodesies and denote it by 
7^*^(s) where s is the arclength from p^^\ 

By (1.2) the radial geodesic 7^*^ = 7(*)([0,£:o)) is given in normal coordi- 
nates by V'^'Ht*'*^) = {(^)^); ^ = ao, < r < eo} where G [0, 27r) is a 
parameter associated to 7*-*\ and wc denote below Q!^*^(7''*'') = oq. 

Since $ is an isometry, it maps any radial geodesic 7*^^^ emanating from 
p(^) to some radial geodesic 7^^^ emanating from j?^^) . When 7q*'' is the geo- 
desic satisfying 0*^*^(70*^) = 0, the parameter 0^*^(7'^*)) associated to 7^*^(s) 
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satisfies 

where #(7»(e), -ifie)) is the arc length of the counter-clockwise ori- 
ented path connecting 7o'^(e) and ^^^^{e) along the circle S^^ = {X G 
7W«; = £}. Let /3 = a(i)(7(i)) - 0(7(2)) g (-27r,27r). As $ 

is an isometry, 

(5.42) h\'\r,e) = hf\r,9^), 

where, for 6* G M, ^ G [0, 27r) satisfies 9-6 e 27rZ. 

This completes the proof of Lemma 5.9 and Theorem 1.1. □ 



6. ORBIFOLD ISOMORPHISM FOR r\H.'^ 



We shall prove Theorem 1.3. Let M^'^ = Ti\H'^ and A^2L set of 



sing 



elliptic singular points in M.^^\ We have already constructed a hyperbolic 
isometry $ : M^^^ \ M^^lg M^^) \ Mflg in §5. Since the hyperbolic 
metric is conformal to the Euclidean metric, <I> is conformal. As A^^*) is 
orientable, we can assume <1> : A^^^^ V-^iiig ^ Al*-^^ \-^iing to be analytic. 
Take p^^^ G -M^^jjig ^^'^ ^ small disc B^^\p, e) centered at p^^\ Since ^> maps 
p^^^ to p'-^) := ^{p^^'') G A^ii^g, P^^^ is a removable singularity for $. Hence 
$ is analytic also at p^^\ Let (B^'^\P^^\e),g^'^^) be the uniformizing covers 
of {B^^\p^'^\ e) , g^''-^ ) , i = 1,2. Then $ can be lifted to an analytic map 
between the coverings except for the center 

$ : (P(^ , e) \ {P(i) } ^ (P(2) , e \ {P^^) }. 

This implies that P^"*^) is a removable singularity of hence $ is analytic 

on 5«(P«,e). 

It follows from (5.42) that p^^^ is a singular point of the orbifold if and 
only if p(2) is a singular point. Moreover, the map 

9 9VB „_i/2 
n n 

extends to the isometry between i?(*)(p(*), e), i = 1, 2. This completes the 
proof of Theorem 1.3. □ 

By the suitable linear transformation 7 G 5^(2, R), M.\}^ is mapped to 
M.V2 conformally. Identifying them, we see that constructed above, is 
the identity on M^u^ ^ hence is equal to the identity on all of A^^-^). This 
implies that 7ri7^^\H2 = r2\H2, hence 7ri7^"'^ = Therefore, the 
generalized S-matrix determines the conjugate class of geometrically finite 
Fuchsian groups. 
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Remark 6.1. The technique used in this paper can be easily extended to 
consider the case when dM 7^ 0. In this case we should require, in addition 
to (A-1), (A-2), that each end is diffeomorphic to either a cylinder or a 
strip {0,ii) X (1,00) with the metric satisfying (A-3), (A-4) where, in the 
case of a strip, < x < li. 
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